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Abstract
Standard lore uses perturbative local anomalies to check the kinematic consistency of gauge theo-
ries coupled to chiral fermions, such as Standard Models (SM) of particle physics. In this work, based
on a systematic cobordism classification [1, 2], we examine the constraints from invertible quantum
anomalies (including all perturbative local anomalies and all nonperturbative global anomalies) for
SM and chiral gauge theories. We also clarify the different uses of these anomalies: including (1)
anomaly cancellations of dynamical gauge fields, (2) ’t Hooft anomaly matching conditions of back-
ground fields of global symmetries, and others. We find several new powerful 4d anomaly constraints
of Z16, Z4, and Z2 classes, beyond the familiar perturbative Z class local anomalies of Feynman
diagrams, and also beyond Witten SU(2) and the new SU(2) global anomalies. As an application,
for SU(3)×SU(2)×U(1)Z6 SM with 15n chiral Weyl fermions (such as the SU(5) Grand Unification) and
a discrete X = 5(B − L) − 4Y preserved, we discover a new hidden sector previously unknown to
the Georgi-Glashow model — by appending to the known SM nearly gapless sector in a strongly-
correlated manner, we propose a new gapped sector with a new Topological Mass mechanism: either
(1) 4d non-invertible non-abelian topological quantum field theory at low energy but with heavy
anyon excitations from 1d particle worldline and 2d string worldsheet coupled to gravity (i.e., intrin-
sic Topological Orders with long-range entanglement in 3+1 spacetime dimensions, which is strongly
interacting accessible from neither näive Dirac nor Majorana mass gap for the 16th Weyl fermions:
3 generations of right-handed neutrinos, but potentially from the dual fermionic vortex zero mode
bound state condensation via topological quantum phase transition or 4d duality/“mirror symme-
try”), or (2) 5d topological field theory (i.e., Symmetry-Protected/Enriched Topological states with
short/long-range entanglement in extra dimensions) beyond Standard Models. Above a higher energy
scale, the discrete X becomes a dynamical gauge vector boson mediator Xg, the entangled Universe
in 4d and 5d (i.e., 5d bulk topological quantum computer coupled to dynamical gravity is in a unified
math and physics framework with SM, but hierarchically develop absolutely different new “chemistry
and biology,” thus where hypothetical “God” or “foreign higher-beings,” formed by higher-dimensional
extended operators, may exist) is mediated by Topological Force. Our model resolves puzzles, sur-
mounting sterile neutrinos and dark matter, in fundamental physics.
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“Der schwer gefaßte Entschluß. Muß es sein? Es muß sein!”
“The heavy decision. Must it be? It must be!”
String Quartet No. 16 in F major, op. 135
Ludwig van Beethoven in 1826
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1 Introduction
The Universe where we reside, to our contemporary knowledge, is governed by the laws of quantum
theory, the information and long-range entanglement, and gravity theory. Quantum field theory (QFT),
especially gauge field theory, under the name of Gauge Principle following Maxwell [3], Hilbert, Weyl [4],
Pauli [5], and many pioneers, forms a foundation of the fundamental physics. Yang-Mills (YM) gauge
theory [6], generalizing the U(1) abelian gauge group to a non-abelian Lie group, has been given credits
for theoretically and experimentally essential to describe the Standard Model (SM) physics [7–9].
The SM of particle physics is a chiral gauge theory in 4d1 encoding three of the four known fundamen-
tal forces or interactions (the electromagnetic, weak, and strong forces, but without gravity). The SM
also classifies all experimentally known elementary particles so far: Fermions include three generations
of quarks and leptons. (See Table 1 for 15 + 1 = 16 Weyl fermions in SM for each one of the three
generation, where the additional 1 Weyl fermion is the sterile right-handed neutrino). Bosons include
the vector gauge bosons: one electromagnetic force mediator photon γ, the eight strong force mediator
gluon g (denoted the gauge field Aa), the three weak force mediator W± and Z0 gauge bosons; and the
scalar Higgs particle φH . (See Table 2 for 12 gauge boson generators for SM.) While the spin-2 boson,
the graviton, has not yet been experimentally verified, and it is not within SM. Physics experiments
had confirmed that at a higher energy of SM, the electromagnetic and weak forces are unified into an
electroweak interaction sector: Glashow-Salam-Weinberg (GSW) SM [7–9].
Grand Unifications and Grand Unified Theories (GUT) hypothesize that at a further higher energy,
the strong and the electroweak interactions will be unified into an electroweak-nuclear GUT interaction
sector. The GUT interaction is characterized by one larger gauge group and its force mediator gauge
bosons with a single unified coupling constant [10,11]. 2
In this article, we revisit the Glashow-Salam-Weinberg SM [7–9], with four possible gauge groups:
GSMq ≡
SU(3)× SU(2)×U(1)
Zq
, q = 1, 2, 3, 6. (1.1)
We revisit the embedding of this special q = 6 SM (with a gauge group SU(3)×SU(2)×U(1)Zq ) into Georgi-
Glashow SU(5) GUT with an SU(5) gauge group [10] (with 24 Lie algebra generators for SU(5) gauge
bosons shown in Table 2), and Fritzsch-Minkowski SO(10) GUT with a Spin(10) gauge group [11]. Our
main motivation to revisit these well-known SM and GUT models, following our prior work [1,2], is that
the recent systematic cobordism classification of topological invariants [12] can be applied to classify all
the invertible quantum anomalies, including
1We denote dd for the d spacetime dimensions. The d+ 1d means the d spatial and 1 time dimensions. The nD means
the n space dimensions.
2Unifying the fourth fundamental force, gravity, with the three fundamental forces from GUT interactions may give rise
to a Theory of Everything (TOE). However, in our present work, we discover a possible new force, which we name
Topological Force.
This Topological Force may be a possible Fifth force not included in the known four fundamental forces and not explored
adequately in the prior particle physics literature. On the other hand, when we consider the constraints from the anomaly
matching, the gravity mostly plays the role of the gravitational background probed fields (instead of dynamical gravity),
such as in the gravitational anomaly or the mixed gauge-gravitational anomaly. We will mostly leave out dynamical gravity
outside our model. The only exception that we discuss in the influences of dynamical gravity (or the hypothetical particle:
graviton) such as in Quantum Gravity and Topological Gravity will be in Sec. 6.1.
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• all perturbative local anomalies, and
• all nonperturbative global anomalies,
which can further mathematically and rigorously constrain SM and GUT models. In fact, many earlier
works and recent works suggest the cobordism theory is the underlying math structure of invertible
quantum anomalies, see a list of selective References [13–25] and an overview therein. By the completion
of all invertible anomalies, we mean that it is subject to a given symmetry group
G ≡ (Gspacetime nGinternal
Nshared
), (1.2)
where the Gspacetime is the spacetime symmetry,3 the Ginternal is the internal symmetry,4 the n is a
semi-direct product from a “twisted” extension,5 and the Nshared is the shared common normal subgroup
symmetry between Gspacetime and Ginternal. Ref. [1,2,26] applies Thom-Madsen-Tillmann spectra [27,28],
Adams spectral sequence (ASS) [29], and Freed-Hopkins theorem [12] in order to compute, relevant for
SM and GUT, the bordism group
ΩGd , (1.3)
and a specific version of cobordism group (firstly defined to classify Topological Phases [TP] in [12])
ΩdG ≡ Ωd
(
GspacetimenGinternal
Nshared
)
≡ TPd(G). (1.4)
For a given G, Ref. [1,2,26] find out corresponding all possible topological terms and all possible anomalies
relevant for SM and GUT. See more mathematical definitions, details, and References therein our prior
work [1, 2].
Along this research direction, other closely related pioneer and beautiful works by Etxebarria-Montero
[30] and Davighi-Gripaios-Lohitsiri [31] use a different mathematical tool, based on Atiyah-Hirzebruch
spectral sequence (AHSS) [32] and Dai-Freed theorem [33], also compute the bordism groups ΩGd and
classify possible global anomalies in SM and GUT.6 As we will see, many SM and GUT with extra
discrete symmetries require the twisted G, whose ΩGd is very difficult, if not simply impossible, to be
determined via AHSS alone [30, 31], but they can be more easily computed via ASS [1, 36]. Therefore,
we will focus on the results obtained in [1, 2].
In this work, we have the plans and outline as follows, with topics by sections:
3For example, Gspacetime can be the Spin(d), the double cover of Euclidean rotational symmetry SO(d) for the QFT of
a spacetime dimension d.
4For example, Ginternal can be the GSMq ≡ SU(3)×SU(2)×U(1)Zq , q = 1, 2, 3, 6.
5The “twisted” extension is due to the symmetry extension from Ginternal by Gspacetime. For a trivial extension, the
semi-direct product n becomes a direct product ×.
6A practical comment is that Adams spectral sequence (ASS) used in Ref. [1, 2, 12] turn out to be more powerful than
the Atiyah-Hirzebruch spectral sequence (AHSS) used in [30,31].
• Ref. [1,2,34–36] based on Adams spectral sequence (ASS) and Freed-Hopkins theorem [12] includes the more refined
data, containing both module and group structure, thus with the advantages of having less differentials. In addition,
we can conveniently read and extract the topological terms and co/bordism invariants from the Adams chart and
ASS [1].
• Ref. [30,31] is based on Atiyah-Hirzebruch spectral sequence (AHSS), which includes only the group structure, with
the disadvantage of having more differentials and some undetermined extensions. It is also not straightforward to
extract the topological terms and co/bordism invariants directly from the AHSS.
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Sec. [2]. Overview on SM, GUT and Anomalies in Sec. 2:
We first overview the ingredients of various SM and GUT to set up the stage in Sec. 2.1. Then we com-
ment on the different types of anomalies, and we clarify the different uses of these anomalies: including
(1) anomaly cancellations of dynamical gauge fields,7 (2) ’t Hooft anomaly matching conditions [41]
of background fields of global symmetries, and others, in Sec. 2.2 and Fig. 1. We also describe the
perturbative local anomalies vs nonperturbative global anomalies; also bosonic vs fermionic anomalies,
etc. These are presented in Sec. 2.
Sec. [3]. Dynamical Gauge Anomaly Cancellation in Sec. 3:
We explicitly show the classification of all possible anomalies of SM by cobordism data in Table 3, and
explicitly check all (invertible) anomaly cancellations for perturbative local anomalies vs nonperturba-
tive global anomalies in Sec. 3.
Sec. [4]. Anomaly Matching for SM and GUT with Extra Symmetries in Sec. 4:
By including additional extra symmetries (such as B− L baryon minus lepton numbers or X symme-
try [42], motivated in [30] and [2]) into SM and SU(5) GUT, we show the classification of all possible
(invertible) anomalies of SM and GUT with extra symmetries by cobordism data in Table 4, and
explicitly check whether all (invertible) anomaly cancellations for perturbative local anomalies vs non-
perturbative global anomalies in Sec. 4. It turns out that a certain Z16 anomaly may not be matched.
The resolution, other than introducing a sterile right-handed neutrino, can also be that introducing a
new gapped topological sector matching the same anomaly, but preserves the discrete Z4,X symmetry.
Sec. [5]. Beyond Three “Fundamental” Forces: Hidden New Topological Force in Sec. 5:
We recall that to match the ’t Hooft anomalies of global symmetries, there are several ways:
(a) Symmetry-breaking:
• (say, discrete or continuous G-symmetry breaking. Explicitly breaking or spontaneously
breaking [may give Nambu-Goldstone modes]).
(b) Symmetry-preserving:
• Degenerate ground states (like the “Lieb-Schultz-Mattis theorem [43, 44],” may host intrinsic
topological orders.8),
• Gapless, e.g., conformal field theory (CFT). There are also novel cases where the anomaly and
symmetry together enforces the robustness of gapless ground states [49–51].
• Symmetry-preserving topological quantum field theory (TQFT): symmetry-enriched anomalous
topological orders.
(c) Symmetry-extension [52]: The symmetry-extension in any dimension is a helpful intermediate
stepstone, to construct another earlier scenario: symmetry-preserving TQFT, via gauging the
extended-symmetry [52].
We present the possible ways of matching of missing global anomalies of SM and GUT with extra
symmetries, in Sec. 5. The condensed matter realization of ’t Hooft matching by a symmetry-preserving
gapped anomalous TQFT is especially exotic and important to us. It is known as the surface topological
order, pointed out firstly by Senthil-Vishwanath [53], and the developments are nicely reviewed [54].
The particular 2+1d boundary and 3+1d bulk results from [55, 56] will be helpful for us finding out
the 3+1d boundary and 4+1d bulk analogy.
7The perturbative parts of calculations are standard on the QFT textbook [37–40]
8Topological order in the sense of Wen’s definition [45] and References therein. The gapped and gauged topological order
in the colloquial sense can have fractionalized excitations such as anyons [46]. Some of the quantum vacua we look for in
4d and 5d may be regarded as a certain version of topological quantum computer [47,48].
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Sec. [6]. Ultra Unification: Grand Unification + Topological Force/Matter in Sec. 6:
In certain cases of anomaly matching, we require new hidden gapped topological sectors beyond SM
and GUT. We may term the unification including SM, Grand Unification plus additional topological
sectors with Topological Force and Matter as Ultra Unification. We then suggest possible resolutions to
sterile neutrinos, neutrino oscillations, three generation mystery (or three family problem), and Dark
Matter, in Sec. 6.
Notations: Throughout our work, we follow the same notations as [1, 2]. The imaginary number is
i ≡ √−1, We use standard notation for characteristic classes [57]: ci for the Chern class, en for the
Euler class, pi for the Pontryagin class, and wi for the Stiefel-Whitney class. We abbreviate ci(G),
en(G), pi(G), and wi(G) for the characteristic classes of the associated vector bundle VG of the principal
G bundle (normally denoted as ci(VG), en(VG), pi(VG), and wi(VG)). For simplicity, we denote the
Stiefel-Whitney class of the tangent bundle TM as wj ≡ wj(TM); if we do not specify wj with which
bundle, then it is for TM . The PD is defined as the Poincaré dual. All the product notations between
cohomology classes are cup product, such as w2w3 ≡ w2(TM)w3(TM) = w2(TM) ∪ w3(TM). All the
product notations between a cohomology class A and a η (say, the eta invariant η of Atiyah-Patodi-
Singer [13–15], similarly for the η˜ as a mod 2 index of 1d Dirac operator, or Arf invariant [58], or
Arf-Brown-Kervaire [ABK] invariant [59, 60], etc.), namely Aη, are defined as the value of η (or η˜, Arf,
ABK, etc) on the submanifold of M which represents the Poincaré dual of A. Notice that here for Aη,
it is crucial to have A as a cohomology class, so we can define its Poincaré dual of A as PD(A). In
other words, the Aη ≡ η(PD(A)). For cobordism invariants, we may implicitly make a convention that
cohomology classes are pulled back to the manifold M . For example, AZ2 ∈ H1(M,Z2) is the generator
from AZ2 ∈ H1(B(Z4/ZF2 ),Z2) of Spin×ZF2 Z4; the former is the pullback of the later to M .
8
SM
fermion
spinor field
SU(3) SU(2) U(1)Y U(1)YW U(1)B−L U(1)X Z4,X U(1)Y˜ U(1)B˜−L˜ U(1)X˜ Z4,X˜
d¯R 3¯ 1 1/3 2/3 -1/3 −3 1 2 −1 −9 -1
lL 1 2 −1/2 −1 -1 −3 1 −3 −3 −9 -1
qL 3 2 1/6 1/3 1/3 1 1 1 1 3 -1
u¯R 3¯ 1 −2/3 −4/3 −1/3 1 1 −4 −1 3 -1
e¯R = e
+
L 1 1 1 2 1 1 1 6 3 3 -1
ν¯R = νL 1 1 0 0 1 5 1 0 3 15 -1
Table 1: We show the quantum numbers of 15 + 1 = 16 left-handed Weyl fermion spinors in each
of three generations of matter fields in SM. The 15 of 16 Weyl fermion are 5 ⊕ 10 of SU(5); namely,
(3,1, 1/3)L ⊕ (1,2,−1/2)L ∼ 5 and (3,2, 1/6)L ⊕ (3,1,−2/3)L ⊕ (1,1, 1)L ∼ 10 of SU(5). The 1 of 16
is presented neither in the standard GSW SM nor in the SU(5) GUT, but it is within 16 of the SO(10)
GUT. The numbers in the Table entries indicate the quantum numbers associated to the representation
of the groups given in the top row. We show the first generation of SM fermion matter fields in Table 1.
There are 3 generations, triplicating Table 1, in SM.
SM
boson
scalar or vector
field
SU(3) SU(2) U(1)Y U(1)YW U(1)B−L U(1)X Z4,X U(1)Y˜ U(1)B˜−L˜ U(1)X˜ Z4,X˜
Higgs scalar
φH
1 2 1/2 1 0 -2 2 3 0 -6 2
Gauge vector boson (1 + 3 + 8 = 12 generators)
photon (γ)
A
1 1 0 0 0 0 0 0 0 0 0
Weak
W± 1 3 0 0 0 0 0 0 0 0 0
Weak
Z0
0 0 0 0 0 0 0 0 0
Strong (g)
Aaτa
8 1 0 0 0 0 0 0 0 0 0
BSM Georgi-Glashow gauge vector bosons (2× (3× 2) = 12 generators)
X+ (+43 |e|) 3¯ 2 5/6 5/3 2/3 0 0 5 2 0 0Y+ (+13 |e|) 0 0 0 0
Y− (−13 |e|) 3 2 −5/6 −5/3 −2/3 0 0 −5 −2 0 0X− (−43 |e|) 0 0 0 0
Table 2: We show quantum numbers of the electroweak Higgs boson φH , and 24 gauge bosons corre-
sponding to 24 Lie algebra su(5) generators of Lie group SU(5). The readers should not be confused with
the symmetry charge X (written in the Italic form) and its gauge boson Xg, with the Georgi-Glashow
(GG) model gauge boson X (written in the text form). See also the caption in Table 1.
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2 Overview on Standard Models, Grand Unifications, and Anomalies
2.1 SM and GUT: local Lie algebras to global Lie groups, and representation theory
We shall first overview the local Lie algebra the representation theory of matter field contents, and the
global Lie groups of of SM and GUT. Then we will be able to be precise about the spacetime symmetry
group Gspacetime and internal symmetry group Ginternal relevant for SM and GUT physics,
[I]. The local gauge structure of Standard Model is the Lie algebra u(1)× su(2)× su(3). This means that the
Lie algebra valued 1-form gauge fields take values in the Lie algebra generators of u(1) × su(2) × su(3).
There are 1 + 3 + 8 = 12 Lie algebra generators. The 1-form gauge fields are the 1-connections of the
principals Ginternal-bundles that we should determine.
[II]. Fermions are the spinor fields, as a sections of the spinor bundles. For the left-handed Weyl spinor ΨL,
it is a doublet spin-1/2 representation of spacetime symmetry group Gspacetime (Minkowski Spin(3, 1) or
Euclidean Spin(4)), denoted as
ΨL ∼ 2L of Spin(3, 1), or ΨL ∼ 2L of Spin(4) = SU(2)L × SU(2)R. (2.1)
These Spin groups are the double-cover or universal-cover version of the Lorentz group SO(3, 1)+ or Eu-
clidean rotation SO(4), extended by the fermion parity ZF2 . In the first generation of SM, the matter fields
as Weyl spinors ΨL contain:
• The left-handed up and down quarks (u and d) form a doublet
(
u
d
)
L
in 2 for the SU(2)weak, and they
are in 3 for the SU(3)strong.
• The right-handed up and down quarks, each forms a singlet, uR and dR, in 1 for the SU(2)weak. They
are in 3 for the SU(3)strong.
• The left-handed electron and neutrino form a doublet
(
νe
e
)
L
in 2 for the SU(2)weak, and they are in
1 for the SU(3)strong.
• The right-handed electron forms a singlet eR in 1 for the SU(2)weak, and it is in 1 for the SU(3)strong.
There are two more generations of quarks: charm and strange quarks (c and s), and top and bottom quarks
(t and b). There are also two more generations of leptons: muon and its neutrino (µ and νµ), and tauon
and its neutrino (τ and ντ ). So there are three generations (i.e., families) of quarks and leptons:((
u
d
)
L
× 3color, uR × 3color, dR × 3color,
(
νe
e
)
L
, eR
)
, (2.2)((
c
s
)
L
× 3color, cR × 3color, sR × 3color,
(
νµ
µ
)
L
, µR
)
, (2.3)((
t
b
)
L
× 3color, tR × 3color, bR × 3color,
(
ντ
τ
)
L
, τR
)
. (2.4)
In short, for all of them as three generations, we can denote them as:((
u
d
)
L
× 3color, uR × 3color, dR × 3color,
(
νe
e
)
L
, eR
)
× 3 generations. (2.5)
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In fact, all the following four kinds of
Ginternal =
SU(3)× SU(2)×U(1)
Zq
(2.6)
with q = 1, 2, 3, 6 are compatible with the above representations of fermion fields. (See an excellent ex-
position in a recent work by Tong [61].) These 15 × 3 Weyl spinors can be written in the following more
succinct forms of representations for any of the internal symmetry group Ginternal with q = 1, 2, 3, 6:(
(3,2, 1/6)L, (3,1, 2/3)R, (3,1,−1/3)R, (1,2,−1/2)L, (1,1,−1)R
)
× 3 generations
⇒
(
(3,2, 1/6)L, (3,1,−2/3)L, (3,1, 1/3)L, (1,2,−1/2)L, (1,1, 1)L
)
× 3 generations. (2.7)
The triplet given above is listed by their representations:
(SU(3) representation, SU(2) representation, hypercharge Y ). (2.8)
For example, (3,2, 1/6) means that 3 in SU(3), 2 in SU(2) and 1/6 for hypercharge. In the second line
of (2.7), we transforms the right-handed Weyl spinor ΨR ∼ 2R of Spin(3, 1) to its left-handed ΨL ∼
2L of Spin(3, 1), while we flip their representation (2.8) to its complex conjugation representations.9 If we
include the right-handed neutrinos (say νeR, νµR, and ντR), they are all in the representation
(1,1, 0)R (2.9)
with no hypercharge. We can also represent a right-handed neutrino by the left-handed (complex) conju-
gation version
(1,1, 0)L. (2.10)
Also the complex scalar Higgs field φH is in a representation
(1,2, 1/2). (2.11)
In the Higgs condensed phase of SM, the conventional Higgs vacuum expectation value (vev) is chosen to
be 〈φH〉 = 1√2
(
0
v
)
, which vev has QEM = 0.
Note that our hypercharge Y is given conventionally by the relation: QEM = T3 + Y where QEM is the
unbroken (not Higgsed) electromagnetic gauge charge and T3 = 12
(
1 0
0 −1
)
is a generator of SU(2)weak.
However, some other conventions are common, we list down three convention
QEM = T3 + Y = T3 +
1
2
YW = T3 +
1
6
Y˜ . (2.12)
9Note that 2 and 2 are the same representation in SU(2), see, e.g., in the context of Yang-Mills gauge theories with
discrete symmetries and cobordism [62].
11
In the QEM = T3 + 16 Y˜ version, we have the integer quantized Y˜ = 6Y . We can rewrite (2.7) as:(
(3,2, Y = 1/6)L, (3,1, Y = 2/3)R, (3,1, Y = −1/3)R, (1,2, Y = −1/2)L, (1,1, Y = −1)R
)
× 3 generations
=
(
(3,2, Y = 1/6)L, (3,1, Y = −2/3)L, (3,1, Y = 1/3)L, (1,2, Y = −1/2)L, (1,1, Y = 1)L
)
× 3 generations
=
(
(3,2, YW = 1/3)L, (3,1, YW = 4/3)R, (3,1, YW = −2/3)R, (1,2, YW = −1)L, (1,1, YW = −2)R
)
× 3 generations
=
(
(3,2, YW = 1/3)L, (3,1, YW = −4/3)L, (3,1, YW = 2/3)L, (1,2, YW = −1)L, (1,1, YW = 2)L
)
× 3 generations
=
(
(3,2, Y˜ = 1)L, (3,1, Y˜ = 4)R, (3,1, Y˜ = −2)R, (1,2, Y˜ = −3)L, (1,1, Y˜ = −6)R
)
× 3 generations
=
(
(3,2, Y˜ = 1)L, (3,1, Y˜ = −4)L, (3,1, Y˜ = 2)L, (1,2, Y˜ = −3)L, (1,1, Y˜ = 6)L
)
× 3 generations. (2.13)
The right hand neutrino νR is in a representation
(1,1, Y = 0) = (1,1, YW = 0) = (1,1, Y˜ = 0). (2.14)
times some generation number. Also the complex scalar Higgs field φH is in a representation
(1,2, Y = 1/2) = (1,2, YW = 1) = (1,2, Y˜ = 3), (2.15)
where Y˜ = 3YW = 6Y . In the Higgs condensed phase, the conventional Higgs vacuum expectation value
(vev) is chosen to be 〈φH〉 = 1√2
(
0
v
)
, which vev has QEM = 0. We organize the above data in Table 1.
[III]. If we include the 3 × 2 + 3 + 3 + 2 + 1 = 15 left-handed Weyl spinors from one single generation, we can
combine them as a multiplet of 5 and 10 left-handed Weyl spinors of SU(5):
(3,1, 1/3)L ⊕ (1,2,−1/2)L ∼ 5 of SU(5), (2.16)
(3,2, 1/6)L ⊕ (3,1,−2/3)L ⊕ (1,1, 1)L ∼ 10 of SU(5). (2.17)
Hence these are matter field representations of the SU(5) GUT with a SU(5) gauge group. Other than the
electroweak Higgs φH , we also need to introduce a different GUT Higgs field φGG to break down SU(5) to
SU(3)×SU(2)×U(1)
Z6
. The φGG is in the adjoint representation of SU(5) as
24 = (8,1, Y = 0)⊕ (1,3, Y = 0)⊕ (1,1, Y = 0)⊕ (3,2, Y = −5
6
)⊕ (3¯,2, Y = 5
6
). (2.18)
[IV]. If we include the 3× 2 + 3 + 3 + 2 + 1 = 15 left-handed Weyl spinors from one single generation, and also
a right-handed neutrino, we can combine them as a multiplet of 16 left-handed Weyl spinors:
ΨL ∼ 16+ of Spin(10), (2.19)
which sits at the 16-dimensional irreducible spinor representation of Spin(10). (In fact, 16+ and 16−-
dimensional irreducible spinor representations together form a 32-dimensional reducible spinor representa-
tion of Spin(10).) Namely, instead of an SO(10) gauge group, we should study the SO(10) GUT with a
Spin(10) gauge group.
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[V]. Lie algebra generators and gauge bosons: We can count the number of Lie algebra generators to
represent the local 1-form gauge field of gauge bosons. For example, there are 1 + 3 + 8 = 12 independent
Lie algebra generators thus gauge bosons for the Lie algebra u(1)×su(2)×su(3). There are 24 independent
Lie algebra generators thus gauge bosons for the Lie algebra su(5), and 45 Lie algebra generators thus
gauge bosons for the Lie algebra so(10). In this work, we focus on SU(5) GUT thus also list down their
quantum numbers in Table 2.
[VI]. U(1)B−L symmetry and U(1)X symmetry: For SM with Ginternal = GSMq of q = 1, 2, 3, 6, we have a
B− L (baryon minus lepton numbers) U(1)B−L global symmetry. For SU(5) GUT with Ginternal = SU(5),
we can have a U(1)X symmetry [42], where the X charge is related to B− L via
X ≡ 5(B− L)− 4Y = 5(B− L)− 2YW , (2.20)
X˜ ≡ 3X = 5 · 3(B− L)− 2 · 3YW = 5 · 3(B− L)− 2Y˜ = 5(B˜− L˜)− 2Y˜ , (2.21)
Y˜ = 3YW = 6Y. (2.22)
Here we have used (2.12).
[VII]. Z4,X symmetry and discrete symmetries: We will learn it is natural to consider a Z4,X subgroup of
U(1)X , when we attempt to embed the SU(5) GUT to SO(10) GUT. In fact, the Z4,X can be regarded as
the Z4 center of the Spin(10) gauge group as Z(Spin(10)) = Z4. Since Spin(10) is fully dynamically gauged
in SO(10) GUT, the Z4,X is also dynamically gauged. In summary, Remarks [VI] and [VII] show that
U(1)B−L : global symmetry in the SMs for all q = 1, 2, 3, 6.
U(1)X : global symmetry in the SU(5) GUT.
Z4,X : dynamical gauge symmetry in the SO(10) GUT.
But Z4,X can be chosen to be a global (or gauge) symmetry for the SM and SU(5) GUT. (2.23)
Colloquially, we may call Z4,X a gauge symmetry but we should warn the readers that a gauge symmetry
is not really a symmetry nor global symmetry, but only a gauge redundancy.
These extra symmetries are well-motivated in the earlier pioneer works [63–66] and References therein the
recent work [30, 67, 68]. Extra discrete symmetries can be powerful give rise to new anomaly cancellation
constraints. Part of the new ingredients we will survey are the new global anomalies for discrete symmetries
of SMs, in Sec. 4.
Let us discuss how these extra groups can be embedded into the total groups in Remarks [VIII], [IX], [X],
and [XI].
[VIII]. We find the Lie group embedding for the internal symmetry of GUTs and Standard Models [2, 26]:
SO(10) ⊃ SU(5) ⊃ U(1)× SU(2)× SU(3)
Z6
. (2.24)
Spin(10) ⊃ SU(5) ⊃ U(1)× SU(2)× SU(3)
Z6
. (2.25)
Only q = 6, but not other q = 1, 2, 3, for GSMq can be embedded into Spin(10) nor SU(5). So from the
GUT perspective, it is natural to consider the Standard Model gauge group U(1)×SU(2)×SU(3)Z6 .
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[IX]. We also find the following group embedding for the spacetime and internal symmetries of GUTs and Stan-
dard Models (Ref. [2, 26], see also [36] for the derivations):
Spin(d)× Spin(10)
ZF2
⊃ Spin(d)× SU(5) ⊃ Spin(d)× SU(3)× SU(2)×U(1)
Z6
. (2.26)
Spin(d)× Spin(10) ⊃ Spin(d)× SU(5) ⊃ Spin(d)× SU(3)× SU(2)×U(1)
Z6
. (2.27)
10In fact, the author believe and declare that GSM6 ≡ U(1)×SU(2)×SU(3)Z6 is the correct and natural gauge group of SM.
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[X]. For an extra U(1)B−L or U(1)X symmetry, we need to consider Spinc ≡ Spin(d) ×Z2 U(1) structure. We
find the embedding:
Spinc(d)× SU(5) ⊃ Spinc(d)× SU(3)× SU(2)×U(1)
Z6
. (2.28)
[XI]. For an extra Z4,X symmetry, we need to consider Spin(d)×Z2 Z4 structure, In order to contain these groups
embedded in Spin(d)×Spin(10)
ZF2
, it is more naturally to consider:
Spin(d)× Spin(10)
ZF2
⊃ Spin(d)×Z2 Z4 × SU(5) ⊃ Spin(d)×Z2 Z4 ×
SU(3)× SU(2)×U(1)
Z6
. (2.29)
Ref. [2, 26, 30, 31] study the cobordism theory of some of these SM, BSM, and GUT groups. We shall
particular pay attention to d = 5 for Ωd=5G ≡ Ωd=d
(
GspacetimenGinternal
Nshared
)
≡ TPd=5(G), since the 5d cobordism
invariants of TPd=5(G) can classify the 4d invertible anomalies of the total group G. We particularly
apply the results in [2], for anomaly constraints and anomaly matchings of BSM physics, in the following
Sec. 3.
2.2 Classifications of anomalies and their different uses
To start, let us mention different concepts of anomalies and their different uses. See for example Fig. 1
for perturbative local anomalies captured by Feynman-Dyson graphs. Generally, we also have nonper-
turbative global anomalies not captured by Feynman graphs, but their uses are similar as follows:
(1). Dynamical gauge anomaly of Ginternal (e.g., Fig. 1 (1)): Anomaly matching cancellation must be zero for a
dynamical gauge theory of its group Ginternal.
(2). ’t Hooft anomaly (e.g., Fig. 1 (2)): Anomaly matching of background symmetry of G including Ginternal
for their background fields, surprisingly, need not to be zero for a QFT:
(• i). If the ’t Hooft anomaly of a QFT of any G background fields turn out to be exactly zero, this means
that these global symmetries of QFT can be realized local and onsite (or on an n-simplex for a higher
generalized global n-symmetry [71]) on a lattice. This also means that we do not need to regularize
the QFT living on the boundary of Symmetry-Protected/Enriched Topological states [26, 52, 72–74].
In fact, the QFT may be well-defined as the low energy theory of a quantum local lattice model in its
own dimensions, as a high-energy ultraviolet (UV) completion — if it is free from all anomalies, via a
cobordism argument [26].
(• ii). If the ’t Hooft anomaly of a QFT of any G background fields turn out to be not zero nor cancelled:
Then this can be regarded as several meanings and implications:
• First, the symmetries of QFT in fact are non-local or non-onsite (or non-on-n-simplex for a higher
generalized global n-symmetry) on a lattice. This means the obstruction of gauging such non-local
symmetries, thus this obstruction is equivalent with the definition of ’t Hooft anomaly [41].
• Second, the QFT can have a hidden sector of the same dimension. We can match the ’t Hooft
anomaly of QFT with additional sector S′ of the same dimension, but with the S′ sector with the
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(1)
gauge
(dynamical field)
gauge
(dynamical field)
gauge
(dynamical field)
(2)
Global sym
(Backgrd. field)
Global sym
(Backgrd. field)
Global sym
(Backgrd. field)
(3)
Global sym
(Backgrd. field)
gauge
(dynamical field)
gauge
(dynamical field)
(4)
gauge
(dynamical field)
Global sym
(Backgrd. field)
Global sym
(Backgrd. field)
Figure 1: Examples of perturbative local anomalies of Z classes in 4d that can be captured by the free part
of cobordism group Ωd=5G ≡ TPd=5(G) in (1.4), which is in fact descended from the free part of bordism
group ΩGd=6. (1) Dynamical gauge anomaly. (2) ’t Hooft anomaly of background (Backgrd.) fields. (3)
Adler-Bell-Jackiw (ABJ [69, 70]) type of anomalies. (4) Anomaly that involves two background fields of
global symmetries and one dynamical gauge field.
opposite ’t Hooft anomaly. So, the combined system, the QFT and S′, can have a no ’t Hooft anomaly
at all.
• Third, the QFT can have a hidden sector of one higher dimension. In order to have the symmetries
of QFT with ’t Hooft anomaly to be local or onsite instead, we need to append and regularize this dd
QFT living on the boundary of (d+1)d Symmetry-Protected/Enriched Topological states (SPTs/SETs)
[26,52,72–74].11
This is related to the Callan-Harvey anomaly inflow [80] of (d + 1)d bulk and dd boundary with their
spacetime dimensions differed by one.
• Fourth, of course, we can also have a certain combination of the First, Second, and Third scenarios
above, in order to make sense of QFT with ’t Hooft anomaly.
(3). Adler-Bell-Jackiw (ABJ [69, 70]) type of anomalies (e.g., Fig. 1 (3)): The non-conservations of the global
symmetry current J is coupled to the background non-dynamical field A via the action term ∫ A ∧ ?J ≡
11Symmetry-Protected Topological states (SPTs) are the short-range entangled states as a generalization of the free non-
interacting topological insulators and superconductors [75–79] with interactions. Symmetry-Enriched Topological states
(SETs) are topological ordered states enriched by global symmetries. The readers with enthusiasms can overview the
condensed matter terminology bridging to QFT in Ref. [62] for QFT theorists, or the excellent condensed matter reviews
[45,54].
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∫
ddx(AµJ µ) with the Hodge dual star ?. The non-conservation of current is proportional to the anomaly
factor in dd spacetime
d(?J ) ∝ (Fa)d/2 ∝ Fa ∧ Fa ∧ . . . .
Here a are dynamical gauge fields; we can also modify the equation appropriate for several different dy-
namical 1-form or higher-form gauge fields. For d = 4, the ABJ anomaly formula is precisely captured by
Fig. 1 (3).
(4). Anomaly that involves two background fields of global symmetries and one dynamical gauge field (e.g.,
Fig. 1 (4)).
Indeed it is obvious to observe that the anomalies (1) are tighten to anomalies (2).
(α). Anomalies from (1) can be related to anomalies from (2) via the gauging principle.
(β). Anomalies from (2) can be related to anomalies from (1) via the ungauging principle, or via gauging
the higher symmetries [71].
Thus if we learn the gauge group of a gauge theory (e.g., SM, GUT or BSM), we may identify its ungauged
global symmetry group as an internal symmetry group, say Ginternal via ungauging.12
Now let us discuss the classifications of anomalies. By “all invertible quantum anomalies” obtain from
cobordism classification, we mean the inclusion of:
(i). Perturbative local anomalies captured by perturbative Feynman graph loop calculations, classified
by the integer group Z classes, or the free classes in mathematics. Some selective examples from QFT
or gravity are:
(1): Perturbative fermionic anomalies from chiral fermions with U(1) symmetry, originated from Adler-
Bell-Jackiw (ABJ) anomalies [69, 70] with Z classes.
(2): Perturbative bosonic anomalies from bosonic systems with U(1) symmetry with Z classes [1].
(3): Perturbative gravitational anomalies [81].
(ii). Non-perturbative global anomalies, classified by a product of finite groups such as Zn, or the
torsion classes in mathematics. Some selective examples from QFT or gravity are:
(1): An SU(2) anomaly of Witten in 4d or in 5d [82] with a Z2 class, which is a gauge anomaly.
(2): A new SU(2) anomaly in 4d or in 5d [83] with a different Z2 class, which is a mixed gauge-gravity
anomaly.
(3): Higher ’t Hooft anomalies of Z2 class for a pure 4d SU(2) YM theory with a second-Chern-class
topological term [84–86] (or the so-called SU(2)θ=pi YM): The higher anomaly involves a discrete
0-form time-reversal symmetry and a 1-form center Z2-symmetry. The first anomaly is discovered
in [84]; later the anomaly is refined via a mathematical well-defined 5d bordism invariant as its
topological term, with additional new Z2 class anomalies found for Lorentz symmetry-enriched four
siblings of Yang-Mills gauge theories [85,86].
12By gauging or ungauging, also depending on the representation of the matter fields that couple to the gauge theory,
we may gain or lose symmetries or higher symmetries [71]. It will soon become clear, for our purpose, we need to primarily
focus on the ordinary (0-form) internal global symmetries and their anomalies.
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(4): Global gravitational anomalies [87] detected by exotic spheres.
(5): Bosonic anomalies: Many types of bosonic anomalies in diverse dimensions are global anomalies
[19, 88–91]. These bosonic anomalies only require bosonic degrees of freedom, but without the
requirement of chiral fermions. Many such bosonic anomalies are related to group cohomology
or generalized group cohomology theory, living on the boundary of SPTs [72], closely related to
Dijkgraaf-Witten topological gauge theories [92].
Our present work explore global anomalies (generically not captured by Feynman graphs), in order to help
readers to digest their physical meanings as in Fig. 2, we should imagine the computation of anomalies
on generic curved manifolds in for the cobordism theory setting, with mixed gauge and gravitational
background probes.
Figure 2: General nonperturbative global anomalies not captured by Feynman graphs can still be char-
acterized by generic curved manifolds with mixed gauge and gravitational background probes. The figure
shows a bordism between manifolds. Here M and M ′ are two closed d-manifolds, N is a compact d+ 1-
manifold whose boundary is the disjoint union of M and M ′, so ∂N = M unionsqM ′. If there are additional
G-structures on these manifolds, then the G-structure on N is required to be compatible with the G-
structures on M and M ′. If there are additional maps from these manifolds to a fixed topological space,
then the maps are also required to be compatible with each other. If these conditions are obeyed, then
M and M ′ are called bordant equivalence and N is called a bordism between M and M ′.
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3 Dynamical Gauge Anomaly Cancellation
In this section, we explicitly check the dynamical gauge anomaly cancellations of various SMs with four
gauge group GSMq ≡ (SU(3)× SU(2)×U(1))/Zq with q = 1, 2, 3, 6. The cobordism classifications of
GSMq ’s 4d anomalies are done in [2, 31]. The 4d anomalies can be written as 5d cobordism invariants,
which are 5d invertible TQFT (iTQFT). These 5d cobordism invariants/iTQFT are derived in [2], we
summarized the classifications and invariants in Table 3.
Moreover, as Ref. [31] points out correctly already, we will show that dynamical gauge anomaly
cancellation indeed holds to be true for all GSMq with q = 1, 2, 3, 6. In Ref. [31] has not written down
the 5d cobordism invariants nor explicit anomaly polynomials. However, by simply looking at the group
classifications of anomalies, Ref. [31] argues that there is only the famous Witten SU(2) nonperturbative
global anomaly of Z2 class [82] , other anomalies all are perturbative local anomalies captured by
Feynman graphs. So why do we bother to do the calculations again, if Ref. [31] has found all dynamical
gauge anomalies cancel for GSMq? There are multiple reasons:
• First, we will show that the 5d cobordism invariants obtained in [2] indeed match with the anomaly
polynomials. For perturbative local anomalies of Z classes, see Fig. 4, we indeed can show that the
5d cobordism invariants map to some one-loop Feynman graph calculations known in the standard
QFT textbooks [37–40]. (In contrast, Ref. [31] focus on global anomalies, and pays less attention
on perturbative local anomalies of Z classes. Follow Ref. [2], we will fill in this gap by considering
all local and all global anomalies.) We should work through all these correspondences carefully to
gain a solid confidence for our understanding of cobordism classifications of anomalies.
• Second, we can learn how to translate cobordism data from math into the anomalies in physics.
For example, in Table 3, we see that the 5d cobordism invariant c2(SU(2))η˜ in fact captures the 4d
boundary theory has the Witten SU(2) nonperturbative global anomaly [82].
• Third, the most important thing, we will discover new phenomena later when we include the
additional discrete symmetries into SM and GUT in Sec. 4. In fact, we will discover entirely new
physics that previously have never been figured out in the past.
Notations: Throughout our work, we write the three SU(2) Lie algebra generator σa of the rank-2
matrix of fundamental representation satisfying Tr[σ
a
2
σb
2 ] =
1
2δab with a, b ∈ {1, 2, 3}. We write the
eight SU(3) Lie algebra generator τa of the the rank-3 matrix of fundamental representation satisfying
Tr[ τ
a
2
τb
2 ] =
1
2δab with a,b ∈ {1, 2, . . . , 8}.
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3.1 Summary of anomalies from cobordism theory and Feynman diagrams
Cobordism group TPd(G) with GSMq ≡ (SU(3)× SU(2)×U(1))/Zq with q = 1, 2, 3, 6
classes cobordism invariants
G = Spin×GSM1
5d Z5 × Z2
µ(PD(c1(U(1)))), CS
U(1)
1 c1(U(1))
2, CSU(1)1 c2(SU(2))∼ c1(U(1))CSSU(2)3 ,
CSU(1)1 c2(SU(3))∼ c1(U(1))CSSU(3)3 , CS
SU(3)
5
2 , c2(SU(2))η˜
G = Spin×GSM2
5d Z5 µ(PD(c1(U(2)))), CS
U(2)
1 c1(U(2))
2,
CSU(2)1 c2(U(2))
2 ∼
c1(U(2))CS
U(2)
3
2 ,
CSU(2)1 c2(SU(3))∼ c1(U(2))CSSU(3)3 , CS
SU(3)
5
2
G = Spin×GSM3
5d Z5 × Z2
µ(PD(c1(U(3)))), CS
U(3)
1 c1(U(3))
2, CSU(3)1 c2(SU(2))∼ c1(U(3))CSSU(2)3 ,
CSU(3)1 c2(U(3))+CS
U(3)
5
2 ∼
c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 , CS
U(3)
5 , c2(SU(2))η˜
G = Spin×GSM6
5d Z5 µ(PD(c1(U(2)))) ∼ µ(PD(c1(U(3)))), CS
U(3)
1 c1(U(3))
2,
CSU(3)1 c2(U(2))
2 ∼
c1(U(3))CS
U(2)
3
2 ,
CSU(3)1 c2(U(3))+CS
U(3)
5
2 ∼
c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 , CS
U(3)
5
Table 3: The 4d anomalies can be written as 5d cobordism invariants of Ωd=5G ≡ TPd=5(G), which
are 5d iTQFTs. These 5d cobordism invariants/iTQFTs are derived in [2]. We summarized the group
classifications of 4d anomalies and their 5d cobordism invariants. The anomaly classification of Z5 means
that there are 5 perturbative local anomalies (of Z classes descended from the 6d bordism group ΩGd=6),
precisely match 5 perturbative one-loop triangle Feynman diagrams in Fig. 4. The anomaly classification
of Z2 means that there is a 1 nonperturbative global anomaly, which turns out to be Witten SU(2)
anomaly [82]. The cj(G) is the jth Chern class of the associated vector bundle of the principal G-bundle.
The µ is the 3d Rokhlin invariant. If ∂M4 = M3, then µ(M3) = (σ−F·F8 )(M
4), thus µ(PD(c1(U(1)))) is
related to c1(U(1))(σ−F·F)8 . Here · is the intersection form of M4. The F is the characteristic 2-surface [93]
in a 4-manifold M4, it obeys the condition F · x = x · x mod 2 for all x ∈ H2(M4,Z). By the Freedman-
Kirby theorem, we have (σ−F·F8 )(M
4) = Arf(M4,F) mod 2. The PD is defined as the Poincaré dual.
The Arf is a 2d Arf invariant, whose condensed matter realization is the Kitaev fermionic chain [94].
The η˜ is a mod 2 index of 1d Dirac operator. In Sec. 3.7 and Ref. [2], we propose that the Z2 class 5d
cobordism invariant c2(SU(2))η˜ corresponds to the 4d Witten SU(2) anomaly [82]. See our notational
conventions in Sec. 1 and Sec. 1.2.4 of Ref. [2]. The symbol “∼” here means the equivalent rewriting of
cobordism invariants on closed 5-manifolds.
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(i)
U(1)Y gauge
U(1)Y gaugeU(1)Y gauge
(ii)
U(1)Y gauge
SU(2) gaugeSU(2) gauge
(iii)
U(1)Y gauge
SU(3)c gaugeSU(3)c gauge
(iv)
U(1)Y gauge
gravitygravity
(v)
SU(3)c gauge
SU(3)c gaugeSU(3)c gauge
Figure 3: Examples of dynamical gauge anomaly cancellations in SM. In fact, the 5 perturbative local
anomalies from perturbative one-loop triangle Feynman diagrams precisely match anomaly classification
of Z5 obtained from the cobordism group calculations in Table 3 and Ref. [2].
3.2 U(1)3Y : 4d local anomaly from 5d CS
U(1)
1 c1(U(1))
2 and 6d c1(U(1))3
We read from Ref. [2] and Table 3 for the Z class of the 5d cobordism invariants of the following:
5d CSU(1)1 c1(U(1))
2 for GSM1 , 5d CS
U(2)
1 c1(U(2))
2 for GSM2 and GSM6 , while 5d CS
U(3)
1 c1(U(3))
2 for GSM3
and GSM6 . These 5d cobordism invariants correspond to the 4d perturbative local anomalies captured
by the one-loop Feynman graph:
U(1)Y gauge
U(1)Y gaugeU(1)Y gauge
. (3.1)
Without losing generality, we focus on the 4d cubic anomaly (U(1)Y )3 from 5d CS
U(1)
1 c1(U(1))
2, which
also descends from 6d c1(U(1))3 of bordism group Ω6 in Ref. [2]. Plug in data in Sec. 2.1, it is standard
to check the anomaly (3.1) vanishes,13∑
q
Tr[(Yˆq)
3] =
∑
qL,qR
(YqL)
3 − (YqR)3
=
1
2
δabNgeneration ·
(
Nc ·
(
2 · (1/6)3 + (−2/3)3 + (1/3)3
)
+ 2 · (−1/2)3 + (1)3 + (0)3
)
13When we switch between from L-chiral fermion to the R-chiral fermion (anti-chiral fermion), there could be an additional
minus sign.
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= Ngeneration · (−Nc + 3) · (1/4), (3.2)
which is 0 when Nc = 3 for 3 colors as we have. The Ngeneration (or Nfamily) counts the number of
generations (same as families).
3.3 U(1)Y -SU(2)2: 4d local anomaly from 5d CS
U(1)
1 c2(SU(2)) and 6d c1(U(1))c2(SU(2))
We read from Ref. [2] and Table 3 for a Z class of 5d cobordism invariants of the following:
5d CSU(1)1 c2(SU(2)) for GSM1 , 5d
CSU(2)1 c2(U(2))
2 ∼
c1(U(2))CS
U(2)
3
2 for GSM2 ,
5d CSU(3)1 c2(SU(2))∼ c1(U(3))CSSU(2)3 for GSM3 , and 5d CS
U(3)
1 c2(U(2))
2 ∼
c1(U(3))CS
U(2)
3
2 for GSM6 . These
5d cobordism invariants correspond to the 4d perturbative local anomalies captured by the one-loop
Feynman graph:
U(1)Y gauge
SU(2) gaugeSU(2) gauge
. (3.3)
Without losing generality, we focus on the 4d anomaly U(1)Y -SU(2)2 from 5d CS
U(1)
1 c2(SU(2)), which
also descends from 6d c1(U(1))c2(SU(2)) of bordism group Ω6 in Ref. [2]. Plug in data in Sec. 2.1, we
check the anomaly (3.3) vanishes,∑
q
Tr[Yˆqσ
aσb] =
1
2
δab(
∑
qL,qR
(YqL)− (YqR))
=
1
2
δabNgeneration ·
(
Nc ·
(
2 · (1/6)
)
+ 2 · (−1/2)
)
=
1
2
δabNgeneration · (Nc/3− 1), (3.4)
which is 0 when Nc = 3.
3.4 U(1)Y -SU(3)2c: 4d local anomaly from 5d CS
U(1)
1 c2(SU(3)) and 6d c1(U(1))c2(SU(3))
We read from Ref. [2] and Table 3 for a Z class of 5d cobordism invariants of the following:
5d CSU(1)1 c2(SU(3))∼ c1(U(1))CSSU(3)3 for GSM1 , 5d CSU(2)1 c2(SU(3))∼ c1(U(2))CSSU(3)3 for GSM2 , 5d
CSU(3)1 c2(U(3))+CS
U(3)
5
2 ∼
c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 for GSM3 , and 5d
CSU(3)1 c2(U(3))+CS
U(3)
5
2 ∼
c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 for
GSM6 . (Note that part of the additional contribution from CS
U(3)
5 or CS
SU(3)
5 will be separately discussed
later in Sec. 3.6 and (3.9).) These 5d cobordism invariants correspond to the 4d perturbative local
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anomalies captured by the one-loop Feynman graph:
U(1)Y gauge
SU(3)c gaugeSU(3)c gauge
. (3.5)
Without losing generality, we focus on the 4d anomaly U(1)Y -SU(3)2c from 5d
CSU(1)1 c2(SU(3))∼ c1(U(1))CSSU(3)3 , which also descends from 6d c1(U(1))c2(SU(3)) of bordism
group Ω6 in Ref. [2]. Plug in data in Sec. 2.1, we check the anomaly (3.6) vanishes,∑
q
Tr[Yˆqτ
aτ b] =
∑
qL,qR
Tr[YˆqLτ
aτ b]− Tr[YˆqRτaτ b] =
1
2
δab(
∑
qL,qR
(YqL)− (YqR))
=
1
2
δabNgeneration ·
(
Nc ·
(
2 · (1/6) + (−2/3) + (1/3)
))
=
1
2
δabNgeneration ·Nc · 0 = 0. (3.6)
3.5 U(1)Y -(gravity)2: 4d local anomaly from 5d µ(PD(c1(U(1)))) and 6d
c1(U(1))(σ−F·F)
8
We read from Ref. [2] and Table 3 for a Z class of 5d cobordism invariants of the following:
5d µ(PD(c1(U(1)))) for GSM1 , 5d µ(PD(c1(U(2)))) for GSM2 and GSM6 , while 5d µ(PD(c1(U(3)))) for
GSM3 and GSM6 . These 5d cobordism invariants correspond to the 4d perturbative local anomalies
captured by the one-loop Feynman graph:
U(1)Y gauge
gravitygravity
. (3.7)
Without losing generality, we focus on the 4d anomaly U(1)Y -gravity2 of U(1)Y -gravitational anomaly
from 5d µ(PD(c1(U(1)))), which also descends from 6d
c1(U(1))(σ−F·F)
8 of bordism group Ω6 in Ref. [2].
Plug in data in Sec. 2.1, we check the anomaly (3.7) vanishes,∑
q
Tr[Yˆq] =
∑
qL,qR
(YqL)− (YqR)
= Ngeneration ·
(
Nc ·
(
2 · (1/6) + (−2/3) + (1/3)
)
+ 2 · (−1/2) + (1) + (0)
)
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= Ngeneration · (0 ·Nc + 0) = 0. (3.8)
We remark that if we view the gravity as dynamical fields, then (3.7) checks the dynamical gauge anomaly
cancellation of the Fig. 1 (1) and Remark (1); if we view the gravity as background probe fields, then
(3.7) checks the anomaly cancellation of the type of Fig. 1 (4) and Remark (4).
3.6 SU(3)3c: 4d local anomaly from 5d
1
2
CSSU(3)5 and 6d
1
2
c3(SU(3))
We read from Ref. [2] and Table 3 for a Z class of 5d cobordism invariants of the following:
5d 12CS
SU(3)
5 for GSM1 and GSM2 , and 5d CS
U(3)
5 for GSM3 and GSM6 . (Note that part of the contributions
from CSU(3)5 also occur in Sec. 3.4.) These 5d cobordism invariants correspond to the 4d perturbative
local anomalies captured by the one-loop Feynman graph:
SU(3)c gauge
SU(3)c gaugeSU(3)c gauge
. (3.9)
Without losing generality, we focus on the 4d anomaly SU(3)3c from 5d
1
2CS
SU(3)
5 , which also descends
from 6d 12c3(SU(3)) of bordism group Ω6 in Ref. [2]. Plug in data in Sec. 2.1, we check the anomaly
(3.9) vanishes. In fact, in the context of SM physics, even without checking explicitly, it is clear that this
SU(3)3c anomaly (3.9) must vanish, since the color SU(3)c is vector gauge theory not chiral gauge theory
respect to the color charge. We recall that only U(1)Y and SU(2)weak are chiral gauge theories in SM.
Readers may ask what happen to the SU(2)3 anomaly by replacing the gauge fields in (3.9) to SU(2),
since SU(2)weak is chiral? The answer is that SU(2)3 anomaly does not exist thus must vanish, because
there is no such corresponding 5d cobordism invariant read from Ref. [2] and Table 3. In fact, for SU(2)
and SO(N) group, all representations have zero 4d perturbative local anomalies, thus they must have
none of Z classes of 5d cobordism invariants, agreed with Ref. [2].
3.7 The old SU(2) anomaly (Witten Z2 global anomaly) from 5d c2(SU(2))η˜ and 6d
c2(SU(2))Arf
The old SU(2) anomaly of Witten in 4d [82] is summarized in [83] for the context we need. We read
from Ref. [2] and Table 3 for a Z2 class of 5d cobordism invariant and suggest the 4d SU(2) anomaly
corresponds to 5d c2(SU(2))η˜, and descends from 6d c2(SU(2))Arf of bordism group Ω6 in Ref. [2].
1. 5d c2(SU(2))η˜ and 4d Witten SU(2) anomaly: This 4d anomaly is a mod 2 index of Z2 class counts
the spin-2r + 1/2 (or 4r + 2 in the dimension of representation) Weyl spinor as fermion doublet
under SU(2) [83]. From Sec. 2.1, there are four of spin-2r + 1/2 fermions from (3,2, 1/6)L and
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(1,2,−1/2)L, multiplied by Ngeneration. So we check overall the Witten anomaly vanishes in SM:
(even number)|of 2 mod 2 = 0.
2. Näively, 5d c2(SU(2))η˜ only presents for GSM1 and GSM3 , but not for GSM2 and GSM6 . Readers
may wonder how does Witten anomaly vanish for SM of q = 2, 6?
• Ref. [95] explains nicely and accurately that the Witten anomaly mutates from a Z2 class global
anomaly into a subclass of perturbative local Z class when we changes the SU(2) group to the U(2)
group, namely for q = 2, 6.
• Ref. [2] gives a formal explanation as follows: The difference between q = 1 and q = 2 case
is parallel to the difference between q = 3 and q = 6 case. So without losing generality, we
focus on the difference between q = 1 and q = 2 cases. The Witten anomaly from c2(SU(2))η˜
of Z2 for q = 1 vanishes in q = 2, while in contrast the CS
U(1)
1 c2(SU(2)) ∼ c1(U(1))CSSU(2)3 of
Z for q = 1 becomes 12CS
U(2)
1 c2(U(2)) ∼ 12c1(U(2))CS
U(2)
3 in q = 2. The CS
U(1)
1 c2(SU(2)) in
5d comes from c1(U(1))c2(U(2)) in 6d. Here the c1(U(2))c2(U(2)) mod 2 is the quotient Z2, the
c1(U(2))c2(U(2)) is the total Z, and the 12c1(U(2))c2(U(2)) is the normal Z in the short exact
sequence 0 → Z 2→ Z → Z2 → 0. Let us express the levels of those cobordism invariants as
kq=2, kq=1, and k′q=1 respectively. Indeed we can also understand the short exact sequence as the
classes of the levels: 0 → kq=1 ∈ Z 2→ kq=2 ∈ Z → k′q=1 ∈ Z2 → 0. There is yet another way to
explain why c1(U(2))c2(U(2)) mod 2 vanishes for q = 2: Via Wu formula, the c1(U(2))c2(U(2)) =
Sq2c2(U(2)) = (w2 + w
2
1)c2(U(2)) = 0 mod 2 on the Spin 6-manifolds. In short, the kq=2 ∈ Z of
local anomalies now also carry information of the k′q=1 ∈ Z2 of the Witten SU(2) global anomaly.
In summary of Sec. 3, by checking five Z classes of local anomalies and one Z2 class of Witten SU(2)
global anomaly, we have shown that the for SM with GSMq of q = 1, 2, 3, 6 are indeed free from all
dynamical gauge anomalies, thus dynamical gauge anomaly cancellation holds.
As we have checked, the GSMq is a healthy chiral gauge theory by its own with a dynamical gauge
group GSMq .14 However, what if we include additional global symmetries or gauge sectors? Such as the
B− L or X ≡ 5(B− L)− 4Y ? This motivates us to explore further in the next section Sec. 4.
4 Anomaly Matching for SM and GUT with Extra Symmetries
4.1 SM and GUT with extra continuous symmetries and cobordism theory
In Sec. 2.1 Remark [X], for SM and SU(5) GUT with an extra U(1)B−L or U(1)X symmetry, we need to
consider Spinc ≡ Spin(d)×Z2 U(1) structure. We find the embedding:
Spinc(d)× SU(5) ⊃ Spinc(d)× SU(3)× SU(2)×U(1)
Z6
.
14It has been long sought that GSMq is a healthy chiral gauge theory by its own with a dynamical gauge group GSMq free
from all dynamical gauge anomalies. However, it is only until very recently by the systematic computations of cobordism
groups in [30] (which checks q = 1), [95] and [2] (which the two papers checks q = 1, 2, 3, 6) completing the full checks on
GSMq . Without a cobordism classification of anomalies, previous literature either only check perturbative anomalies, or
may still miss additional global anomaly constraints (as we shall see new anomaly constraints in Sec. 4).
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(i)
Global sym B− L
(Backgrd. field)
U(1)Y gaugeU(1)Y gauge
(ii)
Global sym B− L
(Backgrd. field)
SU(2) gaugeSU(2) gauge
(iii)
Global sym B− L
(Backgrd. field)
SU(3)c gaugeSU(3)c gauge
(iv)
Global sym B− L
(Backgrd. field)
gravitygravity
(v)
Global sym B− L
(Backgrd. field)
B− LB− L
(vi)
Global sym X
(Backgrd. field)
SU(5) gaugeSU(5) gauge
Figure 4: Examples of anomaly constraint for SM (or GUT) with extra symmetries such as B− L or
X ≡ 5(B− L) − 4Y . We only show perturbative local anomalies from perturbative one-loop triangle
Feynman diagrams discussed in (4.2). We will explore nonperturbative global anomalies (not captured
by Feynman diagrams) in later sections. Assume the gravity contributes as background field:
• If B− L or X is not gauged, (i), (ii), (iii), and (vi) are ABJ anomalies of Fig. 1 (3) and Remark (3);
(iv) and (v) are ’t Hooft anomalies of Fig. 1 (2) and Remark (2).
• If B− L or X is gauged, (i)-(iv), (vi) are dynamical gauge anomalies of Fig. 1 (1) and Remark (1);
(v) is an anomaly of Fig. 1 (4) and Remark (4).
If these anomalies are not matched, we can still saturate the anomalies by proposing new sectors append-
ing to the QFT; we will explore those new physics in Sec. 5.
Ref. [31] checks that the 5d bordism group:
ΩSpin
c
5 (
SU(3)× SU(2)×U(1)
Zq
) = 0, (4.1)
which means no global anomalies. Ref. [36] computes the following cobordism groups TP5 and bordism
groups Ω6:
TP5(Spin
c × SU(5)) = Z4, ΩSpinc6 (SU(5)) = Z4.
TP5(Spin
c × SU(3)×SU(2)×U(1)Zq ) = Z11, Ω
Spinc
6 (
SU(3)×SU(2)×U(1)
Zq
) = Z11.
(4.2)
Ref. [36] finds that these TP5 and Ω6 only contain Z classes, thus they only correspond to 4d local
anomalies captured by the one-loop Feynman graph.
We emphasize that if U(1)B−L or U(1)X is free of all anomalies, then we can dynamically gauge this
symmetry. In that case, we should regard the corresponding gauge field as a Spinc connection instead
of the familiar U(1) gauge fields, since the original theory requires to be defined on Spinc manifolds.
(When we mention gauge fields for gauging U(1)B−L or U(1)X , what we really have in mind is the Spinc
connection.) The U(1)B−L or U(1)X is free of all anomalies if they are free from perturbative local
anomalies, since they do not have global anomalies given by (4.2).
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Are all the perturbative local anomalies canceled for these SM and GUT with extra continuous
symmetries? The baryon and lepton local currents densities are
jµB =
1
3
(q¯Lγ
µqL + u¯Rγ
µuR + d¯Rγ
µdR), j
µ
L = (l¯Lγ
µlL + e¯Rγ
µeR +NνR ν¯Rγ
µνR) (4.3)
Here NνR is the number of right-handed neutrinos in one generation whose representation is given in
(2.9):
• In the standard GSW SM, we have NνR = 0.
• In the SU(5) GUT, it is common to have NνR = 0.
• In the SO(10) GUT, we have NνR = 1.
We used to believe that there are no perturbative local anomalies for an additional U(1) if this U(1) is
the U(1)B−L or U(1)X . Let us check explicitly in the next subsections. We should pay attention on the
anomaly cancellation and its dependence on NνR = 0 or 1. What we will check is the conservation of the
U(1)B−L current,
d ? (jB − jL) = ∂µ(jµB − jµL)ddx, (4.4)
by taking into account all possible anomaly contributions from cobordism considerations.
4.1.1 (B− L)-U(1)2Y : 4d local anomaly
Plug in data from Table 1 to check 4d local anomaly of (B− L)-U(1)2Y :
Global sym B− L
(Backgrd. field)
U(1)Y gaugeU(1)Y gauge
, (4.5)
we find the anomaly factor contributes to 15
jB : Ngeneration · (Nc/3) ·
(
2 · (1/6)2 − (−2/3)2 − (1/3)2
)
= Ngeneration · (Nc/3) · (1/2),
jL : Ngeneration ·
(
2 · (−1/2)2 + 12
)
= Ngeneration · (1/2), (4.6)
such that d ? jB 6= 0 and d ? jL 6= 0, but d ? (jB − jL) = 0 if Nc = 3 as the color number it is.
15The minus sign can be interpreted either from the anti-quark of the R-chiral fermion (anti-chiral fermion).
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4.1.2 (B− L)-SU(2)2: 4d local anomaly
Plug in data from Table 1 to check 4d local anomaly of (B− L)-SU(2)2:
Global sym B− L
(Backgrd. field)
SU(2) gaugeSU(2) gauge
(4.7)
we find the anomaly factor contributes to
jB : Ngeneration · (Nc/3) ·
(
Tr[
σa
2
σb
2
]
)
= Ngeneration · (Nc/3) · (δab/2),
jL : Ngeneration ·
(
Tr[
σa
2
σb
2
]
)
= Ngeneration · (δab/2), (4.8)
such that d ? jB 6= 0 and d ? jL 6= 0, but d ? (jB − jL) = 0 if Nc = 3 as the color number it is.
4.1.3 (B− L)-SU(3)2c : 4d local anomaly
Plug in data from Table 1 to check 4d local anomaly of (B− L)-SU(3)2c :
Global sym B− L
(Backgrd. field)
SU(3)c gaugeSU(3)c gauge
(4.9)
we find the anomaly factor contributes to
jB : Ngeneration ·
(
(2− 1− 1)Tr[τ
a
2
τ b
2
]
)
= Ngeneration · 0 · (δab/2) = 0,
jL : Ngeneration · 0 = 0, (4.10)
such that d ? jB = d ? jL = d ? (jB − jL) = 0.
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4.1.4 (B− L)-(gravity)2: 4d local anomaly
Plug in data from Table 1 to check 4d local anomaly of (B− L)-(gravity)2:
Global sym B− L
(Backgrd. field)
gravitygravity
(4.11)
we find the anomaly factor contributes to
jB : Ngeneration · (Nc/3) ·
(
2− 1− 1
)
= 0. (4.12)
jL : Ngeneration ·
(
2− 1−NνR
)
= Ngeneration · (1−NνR). (4.13)
It turns out that d ? jB = 0 but d ? jL 6= 0 unless NνR = 1. Same for d ? (jB − jL) = 0 only if NνR = 1.
Perturbative anomaly seems to suggest one right-handed neutrino NνR = 1 to saturate the (B − L)
current non-conservation. Are there other ways to saturate this ABJ type anomaly? We will resolve the
issue with other novel possibilities in Sec. 5.
4.1.5 (B− L)3: 4d local anomaly
Plug in data from Table 1 to check 4d local anomaly of (B− L)-(gravity)2:
Global sym B− L
(Backgrd. field)
B− LB− L
(4.14)
we find the anomaly factor contributes to
jB : Ngeneration ·Nc · (1/3)3 ·
(
2− 1− 1
)
= 0. (4.15)
jL : Ngeneration · (1)3 ·
(
2− 1−NνR
)
= Ngeneration · (1−NνR) (4.16)
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It turns out that d ? jB = 0 but d ? jL 6= 0 unless NνR = 1. Same for d ? (jB − jL) = 0 only if NνR = 1.
Perturbative anomaly seems to suggest one right-handed neutrino NνR = 1 to saturate the (B − L)
current non-conservation. Are there other ways to saturate this ABJ type anomaly? We will resolve
other novel possibilities in Sec. 5.
4.1.6 X-SU(5)2: 4d local anomaly
Recall in Sec. 2.1, the U(1)B−L is not a proper symmetry of SU(5) GUT. The “baryon minus lepton
number symmetry” of SU(5) GUT is U(1)X . Plug in data from Table 1 to check 4d local anomaly of
X-SU(5)2:
Global sym X
(Backgrd. field)
SU(5) gaugeSU(5) gauge
(4.17)
we find the anomaly factor contributed from the representation R of fermions in SU(5) as the anti-
fundamental R = 5¯ and anti-symmetric R = 10, from the 15 Weyl fermions 5¯ ⊕ 10 in one generation.
Let us check the X current conservation or violation by ABJ type anomaly:
d ? (jX) ∝
∑
R
XR · TrR[FSU(5) ∧ FSU(5)] ∝
∑
R
XR · c2(SU(5)). (4.18)
Here c2(SU(5)) is the second Chern class of SU(5), which is also related to the 4d instanton number of
SU(5) gauge bundle. For 5¯⊕ 10 with Ngeneration, from Table 1, we get the U(1)X charges for
X5¯ = −3, X10 = 1,
so16
d ? (jX) ∝ Ngeneration
(
X5¯Tr5¯[F ∧ F ] +X10Tr10[F ∧ F ]
)
= Ngeneration · 0 = 0 (4.21)
vanishes. We confirm that the U(1)X symmetry is ABJ anomaly free at least perturbatively in SU(5)
GUT.
16To evaluate the c2 or the instanton number in different representations, R1 and R2, we use the fact that
TrR1 [F ∧ F ]/TrR2 [F ∧ F ] = (C2(R1)d(R1))/(C2(R2)d(R2)), (4.19)
here C2(R) and d(R) are respectively the quadratic Casimir and the dimension of an irreducible representation R. For the
representation R of SU(N), we have
R d C2
Fundamental N N2 − 1
Antisymmetric N(N − 1)/2 2(N + 1)(N − 2)
. (4.20)
For SU(5) with N = 5, we get Tr10[F ∧ F ] = (N − 2)Tr5¯[F ∧ F ] = 3Tr5¯[F ∧ F ].
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4.2 SM and GUT with extra discrete symmetries and cobordism theory
In the subsection, we aim to digest better how robust is the anomalies from Sec. 4.1.4 and Sec. 4.1.5 that
seems only to be matched with a right-handed neutrino (the 16th Weyl spinor) per generation. These
anomalies are not dynamical gauge anomalies if (B−L) and X are only global symmetries but the theory
is only suffered from ’t Hooft anomaly which only results in nonlocal or nononsite (B−L); however they
may have to be gauged in SO(10) GUT. If fact, at least for the discrete Z4,X ⊂ U(1)X as the Z4 center
of Spin(10),
Z4,X = Z(Spin(10)) ⊂ Spin(10) (4.22)
needs to be dynamically gauged in the SO(10) GUT. This fact motivates Ref. [30] to use the Ω
Spin×Z2Z4
5 =
Z16 to argue the 16 chiral fermions for the 4d GUT in one generation. This fact also motivates Ref. [2,36]
to check the following cobordism groups TP5(G) with G ⊃ Spin×ZF2 Z4 summarized in Table 4.
Cobordism group TPd(G) with GSMq ≡ (SU(3)× SU(2)×U(1))/Zq and q = 1, 2, 3, 6
dd classes cobordism invariants
G = Spin×Z2 Z4 ×GSM1
5d Z5 × Z2 × Z24 × Z16
µ(PD(c1(U(1)))), CS
U(1)
1 c1(U(1))
2, CSU(1)1 c2(SU(3)) ∼ c1(U(1))CSSU(2)3 ,
CSU(1)1 c2(SU(3)) ∼ c1(U(1))CSSU(3)3 ,
(AZ2 )2CS
SU(3)
3 +CS
SU(3)
5
2 ,
(AZ2)c2(SU(3)), c2(SU(2))η′, c1(U(1))2η′, η(PD(AZ2))
G = Spin×Z2 Z4 ×GSM2
5d Z5 × Z22 × Z4 × Z16
µ(PD(c1(U(2)))), CS
U(2)
1 c1(U(2))
2,
(AZ2 )2CS
U(2)
3 +CS
U(2)
1 c2(U(2))
2 ∼
(AZ2 )2CS
U(2)
3 +c1(U(2))CS
U(2)
3
2 ,
CSU(2)1 c2(SU(3)) ∼ c1(U(2))CSSU(3)3 ,
(AZ2 )2CS
SU(3)
3 +CS
SU(3)
5
2 ,
(AZ2)c2(SU(3)), (AZ2)c2(U(2)), c1(U(2))2η′, η(PD(AZ2))
G = Spin×Z2 Z4 ×GSM3
5d Z5 × Z2 × Z24 × Z16
µ(PD(c1(U(3)))), c1(U(3))2CS
U(3)
1 , CS
U(3)
1 c2(SU(2)) ∼ c1(U(3))CSSU(2)3 ,
(AZ2 )2CS
U(3)
3 +CS
U(3)
1 c2(U(3))+CS
U(3)
5
2 ∼
(AZ2 )2CS
U(3)
3 +c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 , CS
U(3)
5 ,
(AZ2)c2(U(3)), c2(SU(2))η′, c1(U(3))2η′, η(PD(AZ2))
G = Spin×Z2 Z4 ×GSM6
5d Z5 × Z22 × Z4 × Z16
µ(PD(c1(U(3)))), c1(U(3))2CS
U(3)
1 ,
(AZ2 )2CS
U(2)
3 +CS
U(3)
1 c2(U(2))
2 ∼
(AZ2 )2CS
U(2)
3 +c1(U(3))CS
U(2)
3
2 ,
(AZ2 )2CS
U(3)
3 +CS
U(3)
1 c2(U(3))+CS
U(3)
5
2 ∼
(AZ2 )2CS
U(3)
3 +c1(U(3))CS
U(3)
3 +CS
U(3)
5
2 , CS
U(3)
5 ,
(AZ2)c2(U(3)), (AZ2)c2(U(2)), c1(U(3))2η′, η(PD(AZ2))
G = Spin×Z2 Z4 × SU(5)
5d Z× Z2 × Z16 (AZ2 )
2CSSU(3)3 +CS
SU(3)
5
2 , (AZ2)c2(SU(5)), η(PD(AZ2))
Table 4: Our setup follows Table 3 and Ref. [2, 36]. The AZ2 ∈ H1(M,Z2) is the generator from
H1(B(Z4/ZF2 ),Z2) of Spin×ZF2 Z4. The η
′ is a Z4 valued 1d eta invariant which is the extension of a
quotient AZ2 by the normal 1d η˜. So (AZ2) ≡ (AZ4) mod 2 is the quotient, while Z4,X ⊂ U(1)X . The
η(PD(AZ2)) is the value of η ∈ Z16 on the Poincaré dual (PD) submanifold of AZ2 .
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We aim to initiate a new approach on matching the nonperturbative global Z16 anomaly and the
perturbative local Z anomalies from Sec. 4.1.4 and Sec. 4.1.5 for the missing neutrinos.
The Z5 classes perturbative local anomalies are the same results parallel to Sec. 3.1 and Table 3. So in
the following subsections, we only focus on checking global anomaly cancellations of Zn classes. We may
not have Feynman diagrams to characterize global anomalies (so we do not present Feynman diagrams
below), but we can characterize them by generic curved manifolds as in Fig. 2 with gauge, gravity, or
mixed gauge-gravity background fields.
4.2.1 Witten anomaly c2(SU(2))η˜ vs c2(SU(2))η′: 4d Z2 vs Z4 global anomalies
The old SU(2) anomaly of Witten in 4d is a mod 2 class Z2 global anomaly from 5d c2(SU(2))η˜ in [2] and
Table 4 and 6d c2(SU(2))Arf. The c2(SU(2))η˜ as Witten SU(2) anomaly counts the spin-2r + 1/2 Weyl
spinor as fermion doublet under SU(2). There are four of spin-2r+ 1/2 fermions from (3,2, Y˜ = 1)L and
(1,1, Y˜ = 6)L. The c2(SU(2))η˜ counts the number of 4d Weyl spinors of SU(2) fundamental 2 mod 2.
From (2.13) for Ngeneration, we have:
Ngeneration · (3 + 1) = 0 mod 2. (4.23)
There is an extended Z4 global anomaly from the 5d cobordism invariant c2(SU(2))η′ in [2] and Table 4
counting the number of 4d Weyl spinors of SU(2) fundamental 2 mod 4. From (2.13) for Ngeneration, we
have:
Ngeneration · (3 + 1) = 0 mod 4. (4.24)
Therefore, we have checked no global SU(2) anomaly of Z2 or Z4 classes for SM with Spin×ZF2 Z4
structure.
4.2.2 (AZ2)c2(SU(2)): 4d Z2 global anomaly
The 4d Z2 global anomaly from the 5d cobordism invariant (AZ2)c2(SU(2)) in [2] and Table 4 counts
the number of 4d left-handed Weyl spinors of SU(2) fundamental 2 mod 2. Here (AZ2) ≡ (AZ4) mod 2,
where AZ2 ∈ H1(M,Z2) is the generator from H1(B(Z4/ZF2 ),Z2) of Spin×ZF2 Z4. So (AZ2) ≡ (AZ4)
mod 2 is the quotient, while Z4,X ⊂ U(1)X . The (AZ2)c2(SU(2)) counts the number of 4d Weyl spinors
of SU(2) fundamental 2 mod 2. From (2.13) for Ngeneration, we have:
Ngeneration · (3 + 1) = 0 mod 2. (4.25)
Thus the anomaly vanishes. We have no obstruction to gauge the Z4 by making AZ4 dynamical at least
from this anomaly cancellation.
4.2.3 (AZ2)c2(SU(3)): 4d Z2 global anomaly
The 4d Z2 global anomaly from the 5d cobordism invariant (AZ2)c2(SU(3)) in [2] and Table 4 counts
the number of 4d left-handed Weyl spinors of SU(3) fundamental 3 mod 2. From (2.13), we count
(3,2, Y˜ = 1)L, (3,1, Y˜ = −4)L, and (3,1, Y˜ = 2)L with 3 generations. For Ngeneration, we have:
Ngeneration · (2− 1− 1) = 0 mod 4. (4.26)
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Thus there is no anomaly. We have no obstruction to gauge the Z4 by making AZ4 dynamical at least
from this anomaly cancellation.
4.2.4 c1(U(1))2η′: 4d Z4 global anomaly
The 4d Z4 global anomaly from a 5d cobordism invariant c1(U(1))2η′ in [2] and Table 4 counts the number
of 4d Weyl spinors of U(1) charge mod 4. Let us apply Y˜ for U(1)Y˜ charge from (2.13) with Ngeneration.
For each generation with U(1) charge, we have:
3 · 2 · 1 + 3 · 1 · (−4) + 3 · 1 · 2 + 1 · 2 · (−3) + 1 · 1 · 6 = 0 mod 4. (4.27)
The c1(U(1))2 also counts the U(1) instanton number up to a proportional factor. Thus there is no
anomaly. We have no obstruction to gauge the Z4 by making AZ4 dynamical at least from this anomaly
cancellation.17
4.2.5 (AZ2)c2(SU(5)): 4d Z2 global anomaly
Similar to (4.18), we consider the discrete 4d Z2 global anomaly from the 5d cobordism invariant
(AZ2)c2(SU(5)) in [2, 36] and Table 4. Here c2(SU(5)) is the second Chern class of SU(5), which is
also related to the 4d instanton number of SU(5) gauge bundle. For 5¯⊕ 10 with Ngeneration, from Table
1, we get the Z4,X charges for
X5¯ = −3 = 1 mod 4, X10 = 1 mod 4.
By footnote 16, we compute the anomaly factor
Ngeneration
(
(X5¯ mod 4)Tr5¯[F ∧ F ] + (X5¯ mod 4)Tr10[F ∧ F ]
)
= Ngeneration ·
(
1 · 1 + 1 · 3
)
= Ngeneration · 4 = 0 mod 4. (4.29)
This certainly vanishes for the mod 2 anomaly for SU(5) GUT.
There is also another Z class local anomalies for SU(5) GUT captured by 5d cobordism invariants
(AZ2 )2CS
SU(3)
3 +CS
SU(3)
5
2 , we can easily check that SU(5) GUT is free from any local anomaly [96].
4.2.6 η(PD(AZ2)): 4d Z16 global anomaly
The 4d Z16 global anomaly from a 5d cobordism invariant η(PD(AZ2)) in [2] and Table 4 counts the
number mod 16 of 4d left-handed Weyl spinors (ΨL ∼ 2L of Spin(3, 1) or ΨL ∼ 2L of Spin(4) = SU(2)L×
SU(2)R). From (2.13) with Ngeneration (e.g., 3 generations), for each generation, we have:
3 · 2 + 3 · 1 + 3 · 1 + 1 · 2 + 1 · 1 = 15 = −1 mod 16. (4.30)
17In fact, the cancellation mod 4 also holds true for U(1)2 charge too: From (2.13) with Ngeneration, for each generation
with U(1)2 charge, we have:
3 · 2 · 12 + 3 · 1 · (−4)2 + 3 · 1 · 22 + 1 · 2 · (−3)2 + 1 · 2 · (6)2 = 3 · 4 · 13 = 0 mod 4. (4.28)
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For 1 generation, we need to saturates the anomaly:
ν = −1 mod 16. (4.31)
For 3 generations, we need
3
(
3 · 2 + 3 · 1 + 3 · 1 + 1 · 2 + 1 · 1
)
= 45 = −3 mod 16. (4.32)
Therefore we need to saturates the anomaly:
ν = −3 mod 16. (4.33)
For Ngeneration generations, we need to saturates the anomaly:
ν = −Ngeneration mod 16. (4.34)
This anomaly can be canceled by adding new degrees of freedom
ν = Ngeneration · (NνR = 1) mod 16. (4.35)
The anomaly matching in this Sec. 4.2.6 seems to be matched with a right-handed neutrino (the 16th
Weyl spinor) per generation, similar to Sec. 4.1.4 and Sec. 4.1.5. This also shows the robustness of
Sec. 4.1.4 and Sec. 4.1.5 even if we break down U(1)B−L or U(1)X down to Z4,B−L or to Z4,X . Again
this Z4 as the center Z(Spin(10)) of Spin(10) is important for the SO(10) GUT.
Are there other ways to match the anomaly other than introducing the right-handed neutrino (the
16th Weyl spinor) per generation? Let us explore in the next subsection.
4.3 How to match the anomaly? Preserving or breaking Z4,X?
Let us summarize what we learn from the anomaly computation and matching in previous sections. We
have shown that all anomalies presented in Table 3 and Table 4 can be cancelled, except the additional
anomaly constraint from Sec. 4.1.4, Sec. 4.1.5, and Sec. 4.2.6 may not matched unless we obey
Ngeneration · (1−NνR + hidden sector ) = 0, from Sec. 4.1.4 and Sec. 4.1.5.
Ngeneration · (1−NνR + hidden sector ) = 0 mod 16, from Sec. 4.2.6.
(4.36)
So the above näively suggests we need the right-handed neutrino (the 16th Weyl spinor) NνR = 1 per
generation. However, we do have different ways to match the anomaly other than introducing the right-
handed neutrino (the 16th Weyl spinor) NνR = 1. Can we match the anomaly by additional new
hidden sectors not yet discovered in SM or in SU(5) Georgi-Glashow GUT? Let us focus on the Z4,X
symmetry instead of U(1)X for the sake of thinking Z4,X = Z(Spin(10)) in SO(10) GUT eventually, and
let us enumerate the possibilities to match the anomaly (4.36):
1. Anomaly matched by a right-handed neutrino (the 16th Weyl spinor) NνR = 1:
For the right-handed neutrino νR to be massless (or gapless) while preserving the Z4,X symmetry,
we need to have νR to be a complex Weyl spinor (with a Z4,X charge −1 mod 4), instead of a real
Majorana spinor, in order to have the Z4,X symmetry transformation manifest:
νR → exp(−2pi i/4) νR = (− i) νR. (4.37)
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Since this is a sterile neutrino with a trivial representation of SM gauge group (2.9), (1,1, 0)R, we
can rotate it to left-handed Weyl spinor ν¯R = νL with (1,1, 0)L and flips the Z4,X representation
to its complex conjugation:
νL → exp(2pi i/4) νL = (i) νL. (4.38)
What can the low energy dynamics of the νR be?
(1). The Z4,X preserving: If the sterile neutrino νR remains gapless, we can match the anomaly
(4.36) by a symmetric gapless low energy theory with an action on a 4d spacetime M4:∫
M4
ν¯R(iσ
µ∂µ)νR, or equivalently
∫
M4
ν¯L(i σ¯
µ∂µ)νL, (4.39)
with σ¯ ≡ (1, ~σ).
(2). The Z4,X explicit breaking: If the sterile neutrino νR becomes gapped by Majorana mass
mMaj, the spacetime spinor becomes in a real Majorana representation, and the Z4,X symmetry
in (4.37) and (4.38) is explicitly broken. We can still match the anomaly (4.36) by a Z4,X -
symmetry-breaking gapped theory with an action on a 4d spacetime M4:∫
M4=∂M5
χT(i σ¯µ∇µ)χ+ imMaj
2
(χTσ2χ+ χ†σ2χ∗), (4.40)
where we have written the 4-component Majorana spinor as ΨMaj =
(
χ
iσ2χ∗
)
with the trans-
pose T, complex conjugate ∗, and complex conjugate transpose †.
2. Anomaly matched by new additional or hidden sectors beyond SM: Let us hypothesize
many scenarios with different low energy dynamics following Ref. [2]’s Sec. 8.2:
(1). Z4,X -symmetry-preserving anomalous gapless or interacting 4d CFT.
(2). Z4,X -symmetry-breaking gapless or interacting 4d CFT.
(3). Z4,X -symmetry-preserving anomalous gapped 4d TQFT.
(4). Z4,X -symmetry-breaking gapped 4d TQFT.
(5). Z4,X -Symmetry-Protected Topological state (SPTs) in 5d captured by 5d cobordism invariant
η(PD(AZ2)). (4.41)
(6). Z4,X -gauged-(Symmetry)-Enriched Topological state (SETs) in 5d coupled to gravity.
We propose that all the above scenarios, conventional or exotic, if existing, can saturate the anomaly
(4.36). Based on the contemporary knowledge of SM physics and experimental hints,
• Scenario (1) and (2) seem unpractical, because it is less likely to have any new gapless or interacting
CFT that we do not observe below the TeV energy scale. Also if there is spontaneous symmetry-breaking
(SSB), for U(1)X SSB, we expect to observe new Goldstone boson modes; for Z4,X SSB, we may observe
different vacua or domain walls between different vacua. This shall be falsifiable in the experiments.
• Scenario (3) is exotic but very interesting, which we discover new insights into the neutrino physics and
Dark Matter. Moreover, Scenario (3) can give rise to Scenario (4), if we construct such a Z4,X -symmetry-
preserving anomalous TQFT first, we can break some of the symmetry to obtain the symmetry-breaking
gapped TQFT. So we should focus on Scenario (3) explored in Sec. 5.2.
34
• Scenario (5) implies that our 4d SM lives on the boundary of 5d Z4,X -SPTs given by 5d η(PD(AZ2)).
If Scenario (5) describes our universe, we discover at least an extra dimension from the 5d theory. We
explore this 5d SPT or invertible TQFT theory in Sec. 5.1.
• Scenario (6) Above certain higher energy scale, the Z4,X may be dynamically gauged such as in Z4,X =
Z(Spin(10)) of the SO(10) GUT, then the 4d and 5d bulk are fully gauged and entangled together. The
5d bulk is in fact a 5d Symmetry-Enriched Topologically ordered state (SETs) coupled to dynamical
gravity. We explore this 5d SET coupled to dynamical gravity theory in Sec. 6.1.
5 Beyond Three “Fundamental” Forces: Hidden New Topological Force
Follow Sec. 4.3, now we propose new Scenarios, beyond SM and beyond Georgi-Glashow (GG) SU(5)
GUT, to match the anomalies of Z16 from Sec. 4.2.6 (also match the constraint from Sec. 4.1.4 and
Sec. 4.1.5). We focus on the Scenario (3) (thus also Scenario (4)) for a hidden 4d non-invertible TQFT
in Sec. 5.2, and for a 5d SPTs or 5d SETs coupled to gravity in Scenario (5) and (6) in Sec. 6.1.
5.1 Hidden 5d invertible TQFT or 5d Symmetry-Protected Topological state (SPTs)
We can saturate the missing anomaly of ν = −Ngeneration mod 16 in (4.34) by a 5d invertible TQFT (or
a 5d SPTs protected by G = Spin ×Z2 Z4 ×Ginternal-symmetry in a condensed matter language) with a
5d partition function:
Z5d-iTQFT = exp
(
2pi i
16
· (−Ngeneration) · η
(
PD(AZ2)
)∣∣∣∣
M5
)
. (5.1)
Here we define the eta invariant
η ∈ Z16, and η
(
PD(AZ2)
) ∈ Z16
slightly different by a proportional factor in the math literature. Let us overview quickly what we need
about the APS eta invariant η [13–15, 22, 97]. Let us consider the 4d η invariant and then relate to our
4d η18 and 5d η
(
PD(AZ2)
)
invariants.
On an Euclidean signature curved spacetime manifold Md, the path integral of a massive fermion
spinor with a mass m coupled to a background gauge field A or a background gravity of a metric gµν ,
the Euclidean path integral is∫
[Dψ][Dψ¯] exp (−SE) =
∫
[Dψ][Dψ¯] exp
(
−
∫
Md
d4xE
√
det g
(
ψ¯( /DA +m)ψ
))
= det( /DA +m), (5.2)
where locally /DA ≡ eµµ′γµ
′
(∂µ + iωµ − iAµ), eµµ′ is a vielbein, with a spin connection ωµ, and a gauge
connection Aµ for a gauge bundle of a group G˜. More explicitly, the components are ωµ = iωλνµ [γλ, γν ]/8
and Aµ = AaµTa with Ta generators of the Lie algebra Lie(G˜). We also specify the transition functions
18The 4d η invariant has condensed matter realizations. It is known as the class DIII topological superconductor [TSC]
in the free fermion limit with a Z classification [77–79]. The ν = 1 of this TSC is the Balian-Werthamer (BW) state of the
B phase of 3He liquid (3He B) [98]. A 2+1d single Majorana fermion can live on the surface protected by time reversal
symmetry in the non-interacting free system.
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that relate fields ψ and ψ¯ (two independent Grassmann fields) and A on different patches in order to
globally define the Dirac operator /DA on Md. The transition function also leaves the local expression
of the partition function invariant. If we define m → ∞ to be a trivial gapped vacua without any
topological feature, then the m→ −∞ gapped vacua can host a nontrivial iTQFT or SPTs in dd. Follow
the notations in [62], the dd partition function of nontrivial iTQFT or SPTs can be defined via a ratio19
Zdd-iTQFT[A] = lim|m|→∞
det( /DA − |m|)
det( /DA + |m|)
≡ lim
|m|→∞
∏
λ
iλ− |m|
iλ+ |m| =
1
2
(N0 + lim
s→0+
∑
λ 6=0
(signλ) · |λ|−s). (5.3)
Here /DA is anti-Hermitian, so − i /DA is Hermitian. The λ are eigenvalues of − i /DA so λ ∈ R are real.
N0 are the number of the operator − i /DA’s zero modes. Depending on the underlying G-structure of
manifolds and − i /DA (such as G = Pin+ [22], G = Pinc [97, 99], or G = Pin+ ×Z2 SU(2) [62]), the 4d
iTQFT/SPT partition functions are respectively:
(
Z4d-iTQFT
)ν |m|→∞−−−−−→

exp(2pi i2 · ν · ηPin+), with ηPin+ ∈ 18Z, ν ∈ Z16.
exp(2pi i · ν · ηPinc), with ηPinc ∈ 18Z, ν ∈ Z8.
exp(2pi i · ν · ηPin+×Z2SU(2)), with ηPin+×Z2SU(2) ∈
1
4Z, ν ∈ Z4.
(5.4)
However, in our work, we adjust above definitions to make ηPin+ ∈ Z16 via ηPin+ = 8ηPin+ mod 16, so:(
Z4d-iTQFT
)ν |m|→∞−−−−−→ exp(2pi i
16
· ν · ηPin+
∣∣∣∣
M4
), with ηPin+ ∈ Z16, ν ∈ Z16. (5.5)
Similarly, based on the Smith homomorphism [30,67,68,100]20
Ω
Spin×Z2Z4
5 = Z16 (generated by RP
5)
∩AZ2−−−−→ ΩPin+4 = Z16 (generated by RP4), (5.8)
we characterize the 5d iTQFT whose manifold generator for bordism group is RP5 at ν = 1 below. The
cobordism invariant for any ν corresponds to a 5d iTQFT partition function(
Z5d-iTQFT
)ν |m|→∞−−−−−→ exp(2pi i
16
· ν · η(PD(AZ2))
∣∣∣∣
M5
), with ηPin+ ∈ Z16, ν ∈ Z16. (5.9)
19The det(− i /DA) =
∏
λ λ. One can regularize it by det(− i /DA) =
∏
λ
λ
λ+iM
via a Pauli-Villars regulator of mass M.
The APS η-invariant [13–15] is a regularization of
∑
λ(signλ).
20In fact, there are more Smith homomorphisms in any dimension. Related results along these maps are abundant,
see [100] and also [20,36,68]:
ΩPin
+
8 = Z32 × Z2 → ΩSpin×Z27 = Z16 generated by RP7,
ΩSpin×Z27 = Z16 → ΩPin
−
6 = Z16 generated by RP6,
ΩPin
−
6 = Z16 → ΩSpin×Z2Z45 = Z16 generated by RP5,
Ω
Spin×Z2Z4
5 = Z16 → ΩPin
+
4 = Z16 generated by RP4,
ΩPin
+
4 = Z16 → ΩSpin×Z23 = Z8 generated by RP3,
ΩSpin×Z23 = Z8 → ΩPin
−
2 = Z8 generated by RP2,
ΩPin
−
2 = Z8 → ΩSpin×Z2Z41 = Z4 generated by RP1 = S1/Z2 = S1,
Ω
Spin×Z2Z4
1 = Z4 → ΩPin
+
0 = Z2 generated by RP0 = point.
(5.6)
Notice that H1(RPn,Z2) = Z2, for example by using n = 5, if we choose AZ2 for H1(RPn,Z2) = Z2, then RP4 and RP5
detect all ν ∈ Z16:
exp(
2pi i
16
ν η|M4=RP4) = exp(
2pi i
16
ν).
exp(
2pi i
16
ν η
(
PD(AZ2)
)∣∣
M5=RP5
) = exp(
2pi i
16
ν). (5.7)
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Given a G ⊇ Spin×ZF2 Z4 structure, the cohomology class AZ2 ∈ H
1(M,Z2) is the generator from
H1(B(Z4/ZF2 ),Z2). So (AZ2) ≡ (AZ4) mod 2 is the quotient for the Z4 gauge field AZ4 , which is the
background field for the symmetry Z4,X ⊂ U(1)X . The η(PD(AZ2)) is the value of η ∈ Z16 on the
Poincaré dual (PD) submanifold of the cohomology class AZ2 . This PD is the precise meaning of (5.8)
taking ∩AZ2 from 5d to 4d, or the other way around.
Thus, to summarize, the full 5d iTQFT and the 4d SM or SU(5) GG GUT model action SSM or GUT
with Ngeneration together can make the anomaly (4.34) matched via the full 5d-4d coupled partition
function
Z5d-4d = exp(
2pi i
16
· ν · η(PD(AZ2))|M5)
∣∣∣∣
ν=−Ngeneration
·
∫
[Dψ][Dψ¯][DA] · · · exp (iSSM or GUT|M4). (5.10)
with a bulk-boundary correspondence ∂M5 = M4. The full Z5d-4d is gauge invariant, in particular also
invariant under the background Z4,X transformation (at least at the higher-energy of GUT scale, but it
can be broken: SSB or explicitly at low energy). This concludes the 5d SPTs coupled to 4d SM or GUT
in the Scenario (5).
5.2 Hidden 4d non-invertible and non-abelian TQFT or 4d topological order
Now we explore the Scenario (3) (thus also Scenario (4)) for a hidden 4d non-invertible TQFT in Sec. 5.2
to match the missing anomaly. In fact to construct such a symmetry-preserving anomalous 4d
TQFT (here we preserve Z4,X in Spin×Z2 Z4 structure), we take the inspirations from the quantum
condensed matter phenomenon in one lower dimension, known as the symmetry-enriched anomalous
surface topological order in 3d (2+1d spacetime) living on the boundary of 4d SPTs (3+1d spacetime).
In condensed matter thinking, it can be understood as saturating the ’t Hooft anomaly by gapped sector,
without breaking any symmetry breaking and without gapless modes, via smearing the ’t Hooft anomaly
and anomalous symmetry into the long-range entanglement. In the context of 3d boundary and 4d bulk,
a novel surface topological order was firstly pointed out by Vishwanath-Senthil in an insightful work [53],
later on many people follow up for the surface topological order constructions (see an excellent review
in [45, 54]). We need to generalize this condensed matter approach to find a symmetric anomalous 4d
TQFT living on the boundary of 5d SPTs (5.9). In particular, we require following ingredients and
insights from previous work.
5.2.1 3d non-abelian Chern-Simons theory SU(2)6 and SO(3)3 as toy model
1). A 2+1d non-abelian topological order construction of Fidkowski-Chen-Vishwanath (FCV) [55] from
Walker-Wang model [101]: Ref. [55] constructs on the boundary of a 3+1d Z16-class topological su-
perconductor (TSC) with ZCT4 time reversal symmetry (T 2 = (−1)F or 4d Pin+-structure as in (5.6))
by an exactly solvable lattice Hamiltonian model. The 4d bulk ν ∈ Z16 class of TSC is precisely de-
scribed by the partition function (5.5). Ref. [55] construct the Z16-class 2+1d surface topological order
closely related to Kitaev’s [48]’s 16-fold ways of 2+1d anyon models. Ref. [55] claims that for the odd ν
mod 2 = 1, the 3d boundary must have a non-abelian topological order in order to be fully symmetric and
saturate the full anomaly (from T 2 = (−1)F or 4d Pin+’s η-invariant). This 3d candidate non-abelian
topological order has a low energy TQFT given by a 3d SO(3)3 Chern-Simons (CS) theory. The SO(3)3
CS can be obtained from SU(2)6 CS by doing any of the following:
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• projecting out half-integer spin representation line operators of SU(2)6 CS.
• gauging the 1-form Z2 electric symmetry (defined as Ze2,[1]) of SU(2)6 CS [71].
• anyon condensation via condensing the anyon (whose line operator is a Ze2,[1] symmetry generator) of
SU(2)6 CS. By anyons, we mean the fractionalized quasi-excitation living on the open ends of 1d line
operators. In other words, the worldline of anyon corresponds to exactly the 1d line operator
More importantly, we can precisely write down the data of SU(2)6 CS and SO(3)3 CS in Table 5.
SU(2)6 Chern-Simons TQFT in 3d
SU(2) j 0 1/2 1 3/2 2 5/2 3
Rep n = 2j + 1 1 2 3 4 5 6 7
spin statistics j(j+1)8 0
3
32
1
4
15
32
3
4
35
32
3
2
T -matrix e i 2pij(j+1)8 1 e i 3pi16 i(semion S) e
i 15pi
16
− i
(s˜emion S˜)
e
i 3pi
16
−1
(fermion f)
SO(3)3 Chern-Simons TQFT in 3d
SO(3) j 0 1 2 3
Rep n = 2j + 1 1 3 5 7
spin statistics j(j+1)8 0
1
4
3
4
3
2
T -matrix e i 2pij(j+1)8 1 i(semion S)
− i
(s˜emion S˜)
−1
(fermion f)
quantum
dimension dQ
1
(abelian)
1 +
√
2
(non-abelian)
1 +
√
2
(non-abelian)
1
(abelian)
Table 5: Data of 3d Chern-Simons (CS) TQFTs for SU(2)6 CS and SO(3)3 CS.
We present the complete 7 line operators (i.e., 7 anyons, or 7 superselection sectors) for 3d SU(2)6
CS, labeled by integer or half-integer spin or n = 2j + 1-dimensional representations. We present the
complete 4 line operators (i.e., 4 anyons, or 4 superselection sectors) for 3d SO(3)3 CS, labeled by
integer spin or odd n-dimensional representations. We present their anyonic spin-statistics (beyond
bosons and fermions) and their modular T -matrix representation from mapping class group of 2-torus
MCG(T 2) =SL(2,Z). We also show the quantum dimensions of 4 anyons of SO(3)3 CS, two anyons are
abelian (with quantum dimension dQ = 1, including a trivial boson) and two anyons are non-abelian
(with dQ > 1 and with semion self-statistics: an adiabatic 2pi self-rotation gains its wavefunction a ± i
sign, which is a half of fermion of a −1 sign). SO(3)3 CS has nonabelian fusion rules (here the “×” means
fusion, the “+” means the splitting into different fusion channels [thus nonabelian fusion statistics]):
f × f = 1. S × S = S˜ × S˜ = 1 + S + S˜. S × S˜ = S + S˜ + f . S × f = S˜. S˜ × f = S. Note that
SU(2)6 CS can be defined on non-spin manifold and known in the frame work of bosonic modular tensor
category. But SO(3)3 CS is a fermionic spin-TQFT (defined on spin manifolds), which is pre-modular
in the category context.
The SU(N)k CS has a chiral central charge c− [102]
c− ≡ cL − cR = k(N
2 − 1)
k +N
. (5.11)
SU(2)6 CS and SO(3)3 CS has the same chiral central charge c− := cL− cR = 6(2
2−1)
6+2 =
9
4 , which näively
seems to suggest that there are chiral edge modes and cannot be time-reversal (CT ) invariant. However,
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on the 3d boundary of 4d bulk ν ∈ Z16 class of TSC, the SO(3)3 CS can be made to be CT invariant.
Meanwhile CT does not transform the trivial anyon 1 and another fermion f , so in an abbreviation,
CT (1) = 1 and CT (f) = f . The CT switches S and S˜, so CT (S) ∝ S˜ and CT (S˜) ∝ S up to a complex
phase. There are in fact two versions of SO(3)3 CS depending on the CT symmetry assignment [103]:
SO(3)3,+CS : (CT )
2 = +i for S, (CT )2 = − i for S˜, match ν = 3 ∈ Z16 anomaly.
SO(3)3,−CS : (CT )2 = − i for S, (CT )2 = +i for S˜, match ν = −3 ∈ Z16 anomaly. (5.12)
Since the anomaly we need to match by 4d TQFT is (4.34) as ν = −Ngeneration mod 16 in particular
Ngeneration = 3. Serendipitously we claim that the suitable 3d TQFT for our later 4d TQFT construction
should be SO(3)3,+CS for adding ν = +3 ∈ Z16 anomaly that plays an important rule to match the
missing 3 sterile right-handed neutrinos.
2). It is also useful to understand the phenomenon of symmetric gapped TQFTs saturating various anomalies
in general grounds and in general dimensions. One approach is via so-called the symmetry-extension [52],
which can be generalized to cases involving higher-symmetry extension [50]. In contrast to known gapped
phase saturate anomaly via symmetry breaking (either global symmetry breaking or Anderson-Higgs
mechanism for gauge theory), this approach is based on symmetry extension (thus beyond symmetry
breaking and Anderson-Higgs mechanism). This approach applies to QFT or lattice models, as well as
gauge theory [90] or mathematical ways of constructions [104].
5.2.2 Categorification: from 3d to 4d?
How do we go from 3d SO(3)3,±CS matching anomaly for ν = ±3 ∈ Z16 of 4d η invariant to a 4d TQFT
matching anomaly for ν = ±3 ∈ Z16 of 5d η(PD(AZ2)) invariant? One formal mathematical idea is
called the categorification and decategorification. There is the categorification from math category theory
perspective [105, 106]. There is also the the categorification from QFT, TQFT and quantum topology
perspective [107–109]. Categorification aims to replaces set-theoretic theorems by category analogues.
Decategorification reverses the procedure of categorification. In fact, for bosonic and fermionic finite
group gauge theories, there are explicit constructions to related 3d TQFT to 4d TQFT by dimensional
extension (categorification) or dimensional reduction (decategorification) by compactification on a S1
circle [68,110,111].
We may ask whether it make senses to categorify 3d SO(3)3,±CS? It turns out that categorifying
SU(2)6 or SO(3)3 CS is challenging, since the partition functions on 3-manifolds and expectations values
of links of Wilson loops are not integer valued, so they cannot represent dimensions of any spaces. There
is an analytic continuation with respect to CS level k and then consider expansion in q = exp(2pi i/k),
which does have integer Z coefficients (by fixing subtleties for non-trivial 3-manifolds), and then we
can categorify these CS in terms of 4d theory with an extra U(1) symmetry for which q becomes the
fugacity. This categorification is given by Khovanov-Rozansky link cohomology In the case of links in
R3 or S3 [108, 109]. This categorification is given by [112, 113] in the case of partition functions on
more generic 3-manifolds. Although these constructions seem mathematically appealing, they do have
troubles to make connection to what we look for. This categorification has the CS level not fixed. Also
the underlying 4d theory is non-unitary from the topological twisting of a supersymmetric QFT. Also
the dimension of Hilbert space is generally not finite and not integer on a 4-manifold M3 × S1.
However, we do require our desired 4d TQFT to be unitary, with a finite dimension of Hilbert
space (by computing partition function Z(M3 × S1)). We shall leave possible unitary 4d TQFT from a
categorification of 3d CS for future work. We seek for other more physical routes next.
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5.2.3 4d non-abelian TQFT from 3d non-abelian TQFT
The experience to construct a lower dimensional TQFT (in 3d) can help to construct a higher dimensional
TQFT (in 4d), by putting a former theory on the symmetry-breaking domain wall. In fact, the Z16 class
of 5d iTQFT/SPTs η(PD(AZ2)) can be constructed from decorating the Z4 = Z4,X -symmetry breaking
domain wall with the Z16 class of 4d iTQFT/SPTs η. Suppose we start with the 3d SO(3)3 CS 21
ZSO(3) CS =
∫
[DA ] exp(ik(2pi)
∫
M3
CSSO(3)3 (A )) =
∫
[DA ] exp( ik
4pi
∫
M3
Tr(A dA +
2
3
A 3)), (5.13)
where the two versions of SO(3)3,±CS are differed only by assignment of the Z4 symmetry in (5.12)
(the ZCT4 in 3d, or the Z4,X in 4d later). We may shorthand and omit the obvious wedge product:
A dA + 23A
3 ≡ (A ∧ dA + 23A ∧A ∧A ). In principle, we hope to extend to 4d but also keep (at least
part of) the gauge invariance for some global U transformations in SO(3):
A → U (A + i
g
d)U −1, U = exp(iθaT a).
Motivated by the 4d BF theory [114] (see a systematic summary of continuum TQFT formulations [115]
for twisted versions of unitary BF TQFTs), a näive schematic 4d TQFT can contain the following term:
Z4dTQFT(AZ2) ?=
∫
[DB][DA ] exp( i
2pi
∫
M4
∑
I
k4d,IBI∧dA + ik3d
4pi
∫
M4
AZ2∧Tr(A dA +
2
3
A 3)+. . . ),
(5.14)
where we append the local 2-form B gauge field to make the BF term B ∧ dA . We also append the
background gauge field AZ2 for Z4/ZF2 to the 3d CS term AZ2 ∧ Tr(A dA + 23A 3). We have to fix the
gauge invariance by adding additional terms . . . and fields into the action. With the quantized levels
k4d.I and k3d to be fixed later in this subsection.
How can we make sense such a partition function (5.14) physically? Certainly, there are some fair
motivations that a certain modified version of (5.14) can make sense. For a TQFT with a finite gauge
group in 4d, such as Dijkgraaf-Witten topological gauge theory [92], indeed Ref. [115–117] shows that
such a continuum TQFT path integral can be defined and computed explicitly:∫
[DBI ][DAI ] exp(i
∫
M4
∑
I
NI
2pi
BI ∧ dAI +
∑
I,J
NINJ pIJK
(2pi)2NIJ
A I ∧A J ∧ dA K),with a fix K, (5.15)∫
[DBI ][DAI ] exp(i
∫
M4
∑
I
NI
2pi
BI ∧ dAI + 1
(2pi)3
N1N2N3N4 p1234
N1234
A 1 ∧A 2 ∧A 3 ∧A 4). (5.16)
They are invariant under appropriate gauge transformations defined in [115–118] (in fact, gauge variations
are exactly cancelled globally to all order):
A I → A I + dgI , BI → BI + dηI + IJNJ pIJK
2piNIJ
dgJ ∧A K for (5.15).
A I → A I+dgI , BI → BI+dηI−pi c˜IJKL
NI
A JA KgL+pi
c˜IJKL
NI
A JgK dgL−pi
3
c˜IJKL
NI
gJ dgK dgL for (5.16),
with c˜IJKL ≡ IJKL 1(2pi)3 N1N2N3N4 p1234N1234 , the ηI and gI are locally 1-form and 0-form gauge transformation
parameters. We can also formulate a TQFT combination of two types: (5.15) and (5.16).
21For 3d Chern-Simons 3-form CSSO(3)3 (A ) as a cobordism invariant, see Tables in Sec. 1.6 of arXiv version of [1].
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∗ Their link invariants include:
(1) Aharanov-Bohm type of particle and string braiding statistics (such as the link of 1-worldline S1 and
2-worldsheet S2 linked in a spacetime S4),
(2) Triple link invariants of three 2-surfaces [119] in 4d spacetime from three sets of gauge-invariant
2-surface operator BI + . . . [115]. This is known as the multi-string 3-loop braiding in the Hamiltonian
picture [110,120,121].
(3) Quadruple link invariants of four 2-surfaces in 4d spacetime from four sets of gauge-invariant 2-
surface operator BI + . . . [115]. This is known as the multi-string 4-loop braiding in the Hamiltonian
picture [116,117,122].
∗ Their dimensions of Hilbert space on M3 × S1 as the ground state degeneracy on a spatial M3 are
computed explicitly from Z(M3 × S1) by [111]. These types of continuum TQFT formulation work for
bosonic non-spin TQFTs [115] as well as [68] for fermionic spin-TQFTs for finite group gauge theories.
How to sharpen the statement of (5.14) from the known formulations of (5.15) and (5.16)? We have
to beware the former 4d TQFT is more challenging than the later 4d TQFTs. Let us further make sense
of (5.14) by physical arguments:
(1) Equations (5.15) and (5.16) are gauge theories with continuous gauge transformations, with the 2-form
or 2-cochain B fields transform in a more non-abelian fashion. In fact, 4d TQFT (5.16) is intrinsically
non-abelian, such that the string excitations from the 2-worldsheet of B fields are nonabelian — (5.16)
have nonabelian strings in its gapped spectrum. Nevertheless, (5.15) and (5.16) are still equivalent to
some finite group gauge theories similar to 4d Dijkgraaf-Witten twisted topological gauge theory [92].
However, (5.14) contains a continuous Lie group SO(3) gauge structure at least in 3d. To formulate
a non-abelian 4d TQFT with a continuous Lie group structure (5.14) is fairly more challenging than
formulating twisted abelian or non-abelian finite group TQFT [68,115].
(2) The k3d level: The SU(2)6 CS has an action k3d4pi
∫
M3 Tr(A dA +
2
3A
3) with k3d = 6; while gauging the
1-form Z2 electric symmetry yields SO(3)3 CS. We should regard k3d = 6 from the SU(2)6 CS perspective,
or regard k3d = 3 from the SO(3)3 CS perspective.
(3) The k4d level: Näively, there is a BF term k4d2pi
∫
M4B ∧ dA to pair the A with a dual B field. We
know the dimensions of Hilbert space for 3d TQFTs:
dim(H)SU(6)6 CS|T 2 = Z(T 2 × S1)SU(2)6 CS = 7, dim(H)SO(3)3 CS|T 2 = Z(T 2 × S1)SO(3)3 CS = 4. (5.17)
If we extend the theory to 4d TQFT and pair each A with a dual B field, we should have the k4d = 4
to have 4 different dual B fields; but this is only the case for a 4d TQFT of the similar types of BF
or Dijkgraaf-Witten twisted theory. More generally, we may expect that an action 12pi
∫
M4
∑
I k4d,IBI ∧
dA + . . . that can still pair an A with a dual B such that the
∑
I k4d,I = 4.
(4) The 4d TQFT is non-invertible and non-abelian:
• It is non-invertible in the sense its partition function |Z4dTQFT(AZ2)| 6= 1, thus it does not make sense
the discuss its generic inverted partition function Z−14dTQFT. It is non-invertible also because the Z4dTQFT
on M3 × S1 has its dimensions of Hilbert space larger than 1, because it is already the case for its 3d
reduction (5.17).
• It is non-abelian in the sense the quantum dimensions dQ > 1 and fusion rules of S and S˜ semion show
its non-abelian nature in the dimensionally reduced 3d. The Wilson lines of S and S˜ are 1-worldlines
of nonabelian anyons. We expect that there are B + . . . as 2-worldsheet of nonabelian strings, which is
found in the theory of (5.16) in [115]. We propose braiding statistics and link invariants for these anyonic
particles and anyonic strings in Sec. 6.2.
Above we have suggested possible routes to attack this 4d TQFT. We will leave the mathematical
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rigorous formulation of such a 4d non-invertible non-abelian TQFT in the companion work [96].
5.3 Gapping Neutrinos: Majorana mass vs Dirac mass vs Topological mass
It should be clear that the 4d nonabelian TQFT in Sec. 5.2 with an index ν = Ngeneration mod 16 in
(4.34) cannot be access from gapping the free ν = Ngeneration = Ngeneration mod 16 number of spacetime
spinors of Weyl fermion or Majorana fermion. We will comment how to access the 4d nonabelian TQFT
from the dual fermionic vortex zero mode bound state condensation via the topological quantum phase
transition [123,124] or “4d mirror symmetry [125]” (i.e., a duality of QFTs in the version of 4d spacetime).
We comment more about the 4d duality in Sec. 5.3.3. Before then, let us clarify the meanings of Mass
or Energy Gap.
The masses for left-handed neutrinos (thus also right-handed antineutrinos) are experimentally
estimated to be very small, nearly million times smaller than electron mass [126]
mνe ,mνµ ,mντ < 1eV me ' 0.51MeV. (5.18)
More precisely the flavor states (νe, νµ, ντ ) are superpositions of the different mass eigenstates. So
a flavor state should be weighed and averaged over different masses of the different mass eigenstates.
The current experiments show that the sum of the masses of the three neutrinos should also be below
about 1eV. These mass bounds hold for neutrinos regardless being Dirac fermion or Majorana fermion
particles. These mass bounds only apply to left-handed neutrinos (thus also right-handed antineutrinos,
or its own anti-particle if a neutrino is a Majorana fermion). But we do not yet know about the mass, or
mass bound, or the existence of right-handed neutrinos (called sterile neutrinos because they are
in the trivial representation (1,1, 0)R in (2.9) and do not interact with any of three SM forces). They
also can be regarded as the left-handed (1,1, 0)L with complex conjugation on the [here trivial] complex
representation.
Let us overview the two known mass generation mechanism and propose a new third mechanism (a
topological mass or energy gap mechanism to gap the neutrinos) :22
1. Dirac mass mechanism [127, 128]: Dirac mass is believed to give other Standard Model particles their
masses.
2. Majorana mass mechanism [129]: This requires that the neutrino and antineutrino to be the same
particle. If a neutrino is indeed a Majorana fermion, then lepton-number violating processes such as
neutrino-less double beta decay would be allowed. The neutrino-less double beta decay is not allowed if
neutrinos are Dirac fermions.
3. Topological massmechanism (or Topological Energy Gapmechanism from the gapped excitations of
interacting systems, many-body quantum matter, invertible TQFT, non-invertible TQFT, or topological
order): (or the energy gap induced by the interaction mechanism)
22By gap, we mean giving a mass gap or an energy gap to the system’s energy spectrum, which is the eigenenergy
values of the quantum Hamiltonian of the system. (E.g. Solving a big matrix eigenvalues in the linear algebra.) The
mass gap usually already assumes the free particle descriptions exist. However, in the interacting systems such as CFT
or strongly-correlated many-body quantum matter, we may not always be able to find a suitable free particle description.
In the later case, we can still have an energy gap from the interacting or many-body physics. The energy gap can be a
generalization of the particle mass gap for the interacting or many-body systems. After all, Einstein had told us long ago
the energy is the mass: ∆E ∼ (∆m)c2.
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Is the Mass or Energy Gap necessarily associated with a single particle picture (only defined if there
is a free limit) or associated with the whole quantum system? It turns out that a free particle mass may
be suitable for Dirac mass 1 and Majorana mass 2 mechanisms, but a free particle mass may not be
appropriate for the Topological mass 3 mechanism.
5.3.1 Majorana Mass or Dirac Mass
In more details, we write Dirac mass 1 and Majorana mass 2 as follows. By the 2-component Weyl
spinor notations in 4d, the undotted indices are for left-handed spinor fields, the dotted indices are for
right-handed spinor fields. We write the 4-component spinors (such as Dirac or Majorana) in terms of
two 2-component Weyl spinors:23
Dirac spinor ΨD ≡
(
χα
ζ†α˙
)
. ΨD ≡ (ζα, χ†α˙). Dirac mass: ΨDΨD = ζαχα + χ†α˙ζ†α˙ = ζχ+ (ζχ)† = ζχ+ χ†ζ†. (5.19)
Majorana spinor ΨM ≡
(
χα
χ†α˙
)
. ΨM ≡ (χα, χ†α˙). Majorana mass: ΨMΨM = χχ+ h.c. = χχ+ (χχ)† = χχ+ χ†χ†. (5.20)
If the right-handed neutrino mass is generated by Dirac mass 1 like other Standard Model fermions,
then the mass needs to be an SU(2) singlet. The neutrino from the SU(2) doublet lLν would have the
Yukawa interactions with the neutral component of the SU(2) doublet Higgs φH and an SU(2) singlet χν .
Another mechanism is that neutrino mass can be generated by a Majorana mass 2, which would require
the neutrino and antineutrino to be the same particle (as its anti-particle).
The anomaly ν = −Ngeneration mod 16 in (4.34) dictates that in the free particle limit, we need to add
ν = Ngeneration = 3 mod 16 right-handed spinors.24 Denote the right-handed spinor of sterile neutrinos
of 3 generations (νe, νµ, ντ ) as (χνe , χνµ , χντ ), we can write down the free quadratic non-interacting action
where σ¯ ≡ (1, ~σ),
χ†νe i σ¯
µ∂µχνe + χ
†
νµ i σ¯
µ∂µχνµ + χ
†
ντ i σ¯
µ∂µχντ +
1
2
(
(χνe , χνµ , χντ )
 M
χνeχνµ
χντ
+ h.c.). (5.21)
Along the rank-3 mass matrix M , its diagonalized elements represent the Majorana mass (5.20).
23Here we use the 2-component Weyl spinor notation. Not to confuse the “µ′′ in muon neutrino index νµ with the
spacetime index µ. For two general left-handed Weyl spinors, say χ and χ′ (where each component is a Grassman number
with anti-commutation properties χαχ′β = −χ′βχα), we have
χχ′ ≡ χαχ′α ≡ αβχβχ′α = −βαχβχ′α = −(χT)β( iσ2)βαχ′α = −αβχ′αχβ = βαχ′αχβ ≡ χ′χ,
(χχ′)† = (χαχ′α)
† = (χ′α)
†(χα)† = (χ′†α˙ )(χ
†α˙) ≡ χ′†χ† = (χ′†α˙ )( iσ2)α˙β˙χ†β˙ = (χ
′†
α˙ )( iσ
2)α˙β˙χ
∗
β˙ = (χ
†
α˙)(χ
′†α˙) ≡ χ†χ′† = (χ′χ)†.
We use the convention αβ = βα = −αβ = βα = α˙β˙ = β˙α˙ = −α˙β˙ = β˙α˙ = (iσ2)αβ =
(
0 1
−1 0
)
αβ
, also χα ≡ αβχβ
and (χα)† = (χ†α˙) = (α˙βχβ)† = (χβ)†α˙β = (iσ2)α˙β˙χ
†
β˙
= (iσ2)α˙β˙χ
∗
β˙
. The Hermitian conjugate switches the two SU(2)
Lie algebras in the Lie algebra of the Lorentz group Spin(3, 1) = SL(2,C). Spin(4) = Spin(3)×Spin(3) = SU(2)L×SU(2)R.
The h.c. is Hermitian complex conjugate.
24This anomaly ν = −Ngeneration mod 16 in (4.34) also rules out many BSM introducing more than Ngeneration = 3 mod
16 sterile neutrinos or right-handed Weyl spinors.
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More generally, we can pair ν = Ngeneration = 3 right-handed Weyl spinors (sterile neutrinos) with
each other and with the 3 left-handed Weyl spinors via another free non-interacting matrix term action:
1
2
(
(
(
lLνe , lLνµ , lLντ
) 〈φH〉
|〈φH〉| , χ
†
νe , χ
†
νµ , χ
†
ντ )
(
0 MDirac
MDirac MS
3 3
3
3
)

lLνe
〈φH〉
|〈φH〉|
lLνµ
〈φH〉
|〈φH〉|
lLντ
〈φH〉
|〈φH〉|
χ†νe
χ†νµ
χ†ντ

+ h.c.
)
. (5.22)
There is a rank-6 mass matrix. Here the Dirac mass scale, for example, is given by Higgs vev MDirac ∼
|〈φH〉|. We remind that the flavor states can be superpositions of the different mass eigenstates. In
above, we rewrite the three generations of SU(2) doublet 2 of left-handed neutrino
(
lLνe , lLνµ , lLντ
)
pair
with the SU(2) doublet 2 Higgs as
(
lLνe , lLνµ , lLντ
) 〈φH〉
|〈φH〉| . The usual seesaw mechanism (e.g., [130]) sets
the scale of |MS|  |MDirac|. So the three mass eigenstates have mass ' |MDirac|
2
|MS|  |MDirac| (for the
observed 3 neutrinos much smaller other Dirac mass of MeV or GeV scales), while the other three mass
eigenstates have mass ' |MS| which can set to be the GUT scale (thus too heavy yet to be detected).
We should emphasize that by having Majorana mass or Dirac mass to any of the Weyl fermion
spinors, this quadratic mass would break the Z4,X symmetry, (4.37) and (4.38), assign to the complex
Weyl fermions. Is it necessary to break Z4,X symmetry in order to saturate the anomaly by a gapped
theory? No, we do not have to break the Z4,X symmetry if we introduce a Topological Mass/Energy Gap
for Weyl fermion, see Sec. 5.3.2.
5.3.2 Topological Mass and Topological Energy Gap
Now we introduce Topological mass and Topological energy gap mechanism (the concept of free
particle mass may not be appropriate for them), which we should digest them from the interacting theory
viewpoint. We may colloquially call any of the following as topological energy gap:
(1). Interaction-induced mass or interaction-induced energy gap: This idea has been used to
classify the topological phases of interacting quantum matter. Given the symmetry G (including the
Gspacetime and Ginternal) of the system, are the two ground states (i.e., two vevs) deformable to each
other by preserving the symmetry G? This is the key question for the community of Symmetry-
Protected Topological state (SPTs) physics.
• Fidkowski-Kitaev [131, 132] had shown that 1+1d Z classification [77–79] of T 2 = +1 topological
superconductor with ZT2 × ZF2 symmetry can be reduced to Z8 clas. Fidkowski-Kitaev may be the
first example of showing the interaction can produce the energy gap between 8 Majorana fermions in
1+1d without breaking the original symmetry. (See recent discussions along QFT reviewed in [133,134])
• Kitaev and Fidkowski-Chen-Vishwanath (FCV) [55] suggested that 3+1d Z classification of T 2 =
(−1)F topological superconductor (TSC) with ZT4 ⊃ ZF2 symmetry can be reduced to Z16 class. This
implies that the 16 number of 2+1d Majorana fermions on the boundary of 3+1d TSC can open up an
energy gap without introducing any free quadratic mass: neither Majorana nor Dirac masses.
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• Wen [74], and the author and Wen [26, 135], suggest that the all G-anomaly-free gapless theory can
be fully gapped without breaking G-symmetry. This idea includes introduce a random disorder new
Higgs field [74]; or introduce direct non-perturbative interactions [26,135] (which are usually irrelevant
or marginal operator deformations viewed from IR QFTs). Many of such examples are applied to
construct chiral fermion or chiral gauge theories on the lattice. This includes You-BenTov-Xu [136],
You-Xu [137]. BenTov and Zee [133, 138] names this mechanism as Kitaev-Wen mechanism, or mass
without mass. This deformation of G-anomaly-free theory is consistent with Seiberg’s conjecture on
the deformation classes of QFTs constrained by symmetry and anomaly [139].
(2). Vortex condensation: This is an approach commonly used in condensed matter literature for 2+1d
strongly-correlated systems. The idea is that the symmetry-breaking defects (such as vortices) may trap
the zero modes and which carry nontrivial quantum number. The question is to find which number of
vortex zero modes with what kind of symmetry assignment can be proliferated to restore the broken
global symmetry — this would drive the quantum phase transition between the symmetry-breaking
phase and the symmetry-restoring phase. This approach, called the vortex condensation, has been used
to construct 2+1d surface topological orders, see the condensed matter review [54].
(3). Symmetry-extension and symmetry-preserving gapped topological order/TQFT: As men-
tioned briefly in Sec. 5.2.1 Symmetry-extension mechanism [52] and higher-symmetry extension gen-
eralization [50] are a rather exotic mechanism, which trivialize the anomaly not by breaking G to
its subgroup Gsub ⊂ G, but extend it to a larger group Gtotal which can be regarded as a fibration
of the original group G as a quotient group. (See down-to-earth lattice constructions in any dimen-
sion [52] and in 1+1d bulk [140]) a useful intermediate stepstone, to construct another earlier scenario:
symmetry-preserving TQFT, via gauging the extended-symmetry [52]. This approach is applicable to
bosonic systems [52,111] and fermionic systems [68,141] in any dimensions. In contrast to known gapped
phase saturate anomaly via symmetry breaking (either global symmetry breaking or Anderson-Higgs
mechanism for gauge theory), this approach is based on symmetry extension (thus beyond symmetry
breaking and Anderson-Higgs mechanism).
The Topological mass and Topological energy gap mechanism including (1), (2) and (3), in fact,
is obviously beyond the familiar Dirac, Majorana mass, and seesaw mechanism [130]. In a colloquial
sense, we do not have a Higgs field φH breaking the symmetry and gives vev 〈φH〉 6= 0. In certain case,
we can consider the disorder Higgs field such that [26,74]
〈φH〉 = 0, 〈|φH |2〉 6= 0. (5.23)
So Topological mass/energy gap is a quantum behavior beyond the mean field quadratic semiclassical
theory, beyond Higgs, and beyond Landau-Ginzburg symmetry-breaking paradigm.
5.3.3 4d duality for an odd number of Majorana fermions and “mirror symmetry”
Before apply the Topological Mass from Sec. 5.3.2 to neutrino physics furthur, we like to introduce a
potential helpful supersymmetry (SUSY) duality in 4d known as Seiberg duality [142] studied in N = 1
theory and supersymmetric quantum chromodynamics (SQCD). Seiberg duality is an N = 1 electric
magnetic duality in SUSY non-abelian gauge theories with weak strong duality. On the left-hand side of
the duality may have quarks and gluons, on the right-hand side dual theory’s they become the solitons
(such as nonabelian magnetic monopoles) of the elementary fields. When the left-hand side theory is
Higgsed by an expectation value of a squark, the right-hand side dual theory’s is confined. Massless
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glueballs, baryons, and magnetic monopoles in the confined strongly coupled description in the left-hand
side theory becomes some weakly coupled elementary quarks in the right-hand side dual Higgs description.
Schematically, there is an IR duality between left-hand side (LHS) and right-hand side (RHS) under
renormalization group (RG) flow for N = 1:
SU(Nc) gauge theory with Nf chiral and antichiral multiplets Q, Q˜ in color fundamental Nc, N¯c
IR duality←−−−−−→ SU(Nf−Nc) gauge theory with q and q˜ in color fundamental Nf −Nc, Nf −Nc and meson M.
(5.24)
Include the representations of chiral multiplet/superfields, we have the relations:
4d N = 1 Seiberg duality LHS: SQCD RHS: dual theory
color gauge group Nc SU(Nf −Nc)
Same global internal symmetries SU(Nf )L × SU(Nf )R ×U(1)B ×U(1)R
Chiral multiplet/superfields:
Representation R Q : (Nf , 1, 1,
Nf−Nc
Nf
) q : (1, Nf ,
−1
Nf−Nc ,
Nc
Nf
)
Q˜ : (1, N¯f ,−1, Nf−NcNf ) q˜ : (N¯f , 1, 1Nf−Nc ,
Nc
Nf
)
M : (Nf , N¯f , 0,
2(Nf−Nc)
Nf
)
(5.25)
We are particularly interested in the case when the RHS flows to free Weyl spinors, which means that
we can choose as simple as Nc = 2 and Nf = 3, and N = 1:
SU(Nc = 2) with Nf = 3 chiral and anti-chiral multiplets Q and Q˜
IR duality←−−−−−→ 15 Weyl spinors (5.26)
For Weyl spinor counting we have Nf = 3 chiral multiplets and Nf = 3 anti-chiral multiplets, each is the
fundamental or anti fundamental 2 or 2¯ of SU(2), thus they contribute 2 · 2 · 3 = 12 Weyl spinors. There
is also a vector multiplet which sits at the adjoint representation 3 of SU(2), this contributes another 3
Weyl spinors. So in total we have 2 · 2 · 3 + 3 = 15 Weyl spinors. The Nf = Nc + 1 = 3 is interesting
because it sits at the lower boundary (3Nc/2 = Nf ) of 3Nc/2 < Nf < 3Nc, where the origin of the
moduli space is an interacting CFT and non-abelian Coulomb phase. Also this case we have Nf = Nc+1
thus two moduli spaces are identical but the interpretations of the singularity at the origin are different
— massless particles can be regarded as, either strongly coupled mesons and baryons on LHS, or weakly
interacting or free quarks on RHS.
This duality helps as 15 mod 16 = −1 mod 16 so to cancel the anomaly (4.31) as ν = −NνR
mod 16 = −1 mod 16 in one generation of SM. One way to simplify 15 Weyl spinors to 1 Weyl spinor
on RHS would be that adding 1 Weyl spinor on both sides in the trivial representation, and adding
nonperturbative deformations to gap the RHS completely:
SU(Nc = 2) with Nf = 3 chiral and anti-chiral multiplets Q and Q˜ + deformations
IR duality←−−−−−→ (gapping 16 Weyl spinors via nonperturbative interacting deformations)
+ (−1) Weyl spinors (in the complex conjugate representation). (5.27)
We leave details of this construction in an upcoming work [96]. In the following subsections, we can argue
several phenomenon of gapping Weyl spinors based on this proposed duality (5.27). The hope is that we
can access the 4d nonabelian TQFT from the dual fermionic vortex zero mode bound state condensation
via the topological quantum phase transition [123,124] or “4d mirror symmetry [125] description” (i.e., a
duality of QFTs in the version of 4d spacetime).
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In a general colloquial sense, this duality is also related to the particle-vortex duality [143, 144], the
renown supersymmetric version of duality in 3+1d includes, for example, N = 2 Seiberg-Witten theory
[145], and N = 1 Seiberg duality [142], and many other theories (see a review [146]). A fermionic non-
supersymmetric version of particle-vortex duality in 3+1d, a recent ongoing pursuit along this direction
includes [50,147–149].25
5.3.4 Gapping 3 Weyl spinors / sterile right-handed neutrinos
In Sec. 5.3.1, the anomaly ν = −Ngeneration mod 16 in (4.34) dictates that in the free particle limit, we
need to add ν = Ngeneration = 3 mod 16 right-handed spinors. But as mentioned, in Sec. 5.2, we can
propose a 4d noninvertible nonabelian TQFT to saturate the ν = Ngeneration = 3 mod 16 anomaly. In
order to achieve this, we can go through a quantum phase transition by using 3 times of (5.27), and we
can access the 4d noninvertible nonabelian TQFT from the LHS. On the RHS, on the other hand, we do
not gain the expectation values for the quadratic mass:M11 M12 M13M21 M22 M23
M31 M32 M33
 mean field vev−−−−−−−−−→ quadratic mass term vev ∝
0 0 00 0 0
0 0 0
 . (5.28)
The energy gap for 3 sterile neutrinos are fully interacting and energetic from the LHS of 3 times of (5.27).
We have a 4d extension of 3d SO(3)+ CS in Sec. 5.2.3 to saturate the ν = ±3 mod 16 anomaly [96].
5.3.5 Gapping 2 Weyl spinors / sterile right-handed neutrinos
Suppose we only play with gapping 2 Weyl spinors / sterile right-handed neutrinos by Topological Mass
mechanism, then the other can still have either a Majorana mass or Dirac mass pairing with other left-
handed spinor. We do not gain the expectation values (vev) for the quadratic mass of the 2 Weyl spinors,
but only for the other one:M11 M12 0M21 M22 0
0 0 M33
 mean field vev−−−−−−−−−→ quadratic mass term vev ∝
0 0 00 0 0
0 0 #〈φνH〉
 . (5.29)
Here for phenomenology purpose, the 〈φνH〉 can be the same Higgs φH of SM (as a doublet 2 of SU(2)
for Dirac mass), or another new distinct Higgs (say a singlet 1 of SU(2)) for Majorana mass.
We can go through a quantum phase transition by using 2 times of (5.27), and we can access the 4d
noninvertible abelian TQFT from the LHS [96]. We can relate the 3d Semion-Fermion+ TQFT [55,56,103]
to its 4d extension TQFT [96]. The 3d CS theory for 3d Semion-Fermion+ TQFT can be as simple as
a U(1)2 CS ×{1, f}, or a U(1)2 CS + (trivial fermionic invertible spin TQFT) in 3d. (5.30)
We can derive a 4d extension of 3d Semion-Fermion± TQFT to saturate the ν = ±2 mod 16 anomaly [96].
25There were also a fermionic version in 2+1d of particle-vortex duality proposed in [150–152] and formalized in [153–155].
They have achieved great success on understanding condensed matter phenomena in 2+1d. They may provide insightful
guidelines to the 3+1d, namely 4d duality construction.
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Semion-Fermion± TQFT {1, s, f, sf} in 3d
Anyons 1 s f sf
spin statistics 0 14
1
2
3
4
T -matrix 1 i(semion s)
−1
(fermion f)
− i
(semion-fermion sf)
(CT )2 1 ± i −1 ∓ i
quantum
dimension dQ
1
(abelian)
1
(abelian)
1
(abelian)
1
(abelian)
Table 6: Two version of 3d Semion-Fermion± TQFT data, differed by their CT assignment. Similar to
Table 5’s setting. They are ν = ±2 ∈ Z16 surface topological order in 3d for (CT )2 = (−1)F TSC in 4d.
5.3.6 Gapping 1 Weyl spinor / sterile right-handed neutrino
Suppose we only play with gapping 2 Weyl spinors / sterile right-handed neutrinos by Topological Mass
mechanism, then the other can still have either a Majorana mass or Dirac mass pairing with other left-
handed spinor. We do not gain the expectation values (vev) for the quadratic mass of the 1 Weyl spinor,
but only for the other twos:M11 0 00 M22 M23
0 M32 M33
 mean field vev−−−−−−−−−→ quadratic mass term vev ∝
0 0 00 #〈φνH〉 #〈φνH〉
0 #〈φνH〉 #〈φνH〉
 . (5.31)
The notations of φνH is explained in Sec. 5.3.5. We can go through a quantum phase transition by using a
single one of (5.27), and we can access the 4d noninvertible nonabelian TQFT from the LHS [96]. There
are 3d version of ν = +1 and ν = −1 TQFT toy models that we can start with, which are
SO(3)3,+ CS + Semion-Fermion− TQFT, SO(3)3,− CS + Semion-Fermion+ TQFT. (5.32)
The 3d CS theory for 3d Semion-Fermion+ TQFT can be as simple as a U(1)2 CS ×{1, f}, or a U(1)2
CS + a trivial fermionic invertible spin TQFT in 3d. We can derive a 4d extension TQFT of these 3d
TQFTs to saturate the ν = ±1 mod 16 anomaly [96].
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6 Ultra Unification: Grand Unification + Topological Force and Matter
In previous sections, we had shown that in order to match some nonperturbative global anomaly
(Sec. 4.2) but still preserve26 Z4,X for the global symmetry of SM and SU(5) GUT Georgi-Glashow
(GG) model, and for the gauge subgroup Z4,X = Z(Spin(10)) ⊂ Spin(10) of the SO(10) GUT, we can
introduce a new hidden gapped sector appending to the SM and GUT:
• Topological Mass/Energy Gap (Sec. 5.2 and Sec. 5.3) to gap the 16th Weyl fermions (right-handed
neutrinos). The outcome low energy gives rise to 4d non-invertible TQFT.
• 5d invertible TQFT (iTQFT) with one extra dimension (Sec. 5.1, known as 5d SPTs in quantum
condensed matter analogy).
Overall, we can consider the combinations of two solutions. In either cases, we require new hidden gapped
topological sectors beyond SM and GUT. We may term the unification including SM, Grand Unification
plus additional topological sectors with Topological Force and Matter as Ultra Unification.
6.1 4d-5d Theory: Quantum Gravity and Topological Gravity coupled to TQFT
I]: The combinations of two solutions from adding 4d non-invertible TQFT and 5d invertible TQFT
mean that we can propose a new schematic partition function / path integral, generalizing (5.10)
and (5.14) to
Z5d-iTQFT/
4d-QFT
= exp(
2pi i
16
· ν5d · η(PD(AZ2))|M5) ·
∫
[Dψ][Dψ¯][DA][DφH ][DA ][DB] · · ·
exp(i S4d-SM/GUT[ψ, ψ¯, A, φH , . . . ,AZ4 ]
∣∣
M4
+i S
(ν4d)
4d-TQFT[A ,B, . . . ,AZ2 ]
∣∣∣
M4
)
∣∣∣∣
ν5d−ν4d=−Ngeneration
.
(6.1)
The anomaly (4.34) is now matched by:
ν = ν5d − ν4d = −Ngeneration mod 16. (6.2)
The S4d-SM/GUT is the 4d SM or GUT action. The ψ, ψ¯, A, φH are SM and GUT quantum fields,
where ψ, ψ¯ are the 15 or 16 Weyl spinor fermion fields, the A are 12 or 24 gauge bosons given by
gauge group Lie algebra generators, and φH is the electroweak Higgs (we can also add GUT Higgs).
The S(ν4d)4d-TQFT is a 4d noninvertible TQFT outlined in Sec. 5.3 ( for example, ν4d = ±3,±2,±1 in
Sec. 5.3.4, Sec. 5.3.5, and Sec. 5.3.6). The A and B (and possibly others fields) are TQFT gauge
fields (locally differential 1-form and 2-form anti-symmetric tensor gauge connections)
II]: Many different perspectives guide to an understanding that at high enough energy scale, every
global symmetry should be either gauged or broken [156–159]. By every global symmetry, we
include the internal symmetry Ginternal, the spacetime Ginternal, the fermion parity ZF2 , the time
reversal symmetry ZT2 or ZT4 ⊃ ZF2 and so on. By gauging fermion parity ZF2 , this means the
UV completion at higher energy scale should be all bosonic, presumably from local tensor product
26By preserving Z4,X , we mean the Z4,X -symmetry is preserved at some higher energy scale above the electroweak scale.
Of course, the energy scale lower such as the Higgs scale 125 GeV, the usual Dirac mass terms would break the Z4,X .
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Hilbert space — this is consistent with the “It from Qubit” of lattice model and quantum condensed
matter view [26] .
Therefore, it is natural for us to pursue a fully gauged version of 5d iTQFT such that the Z4,X is also
gauged, at some GUT scale. By doing so, we need to sum over AZ2 ∈ H1(M,Z4,X/ZF2 ) for a given
spacetime topology and geometry, and also sum over all spacetimeM ∈ ∀ topology,∀ geometry. Let
us consider the case the spacetime is a closed M = M5 without boundary. But summing over all
spacetimeM certainly diverges, one needs to make sense of the partition function by regularization.
To deal with such a path integral is a challenging problem of quantum gravity, we will not be able
to solve it for now. In summary, a schematic path integral says:
∑
M∈∀ topology,∀ geometry
∑
AZ2∈H1(M,Z4,X/ZF2 )
exp(
2pi i
16
· ν5d · η(PD(AZ2))|M5)
regularize−−−−−−→
∑
M∈ {topo/geo},
AZ2∈H
1(M,Z4,X/Z
F
2 )
exp(
2pi i
16
· ν5d · η(PD(AZ2))|M5) (6.3)
A few thoughts can help to attack this challenging problem on regularization of summing over
spacetimes.
• In 2d topological gravity, we can sum over conformal structures. This can be a finite dimen-
sional integral for a fixed topology.
• One can simplify the problem to sum over different topologies given by the 5d η(PD(AZ2))
invariant with M5 of Spin×Z2 Z4 = Spin×ZF2 Z4,X structure
• Recent work by Dijkgraaf and Witten on 2d topological gravity provides a guide to the anal-
ogous 2d partition function [160] related to the 2d Arf invariant. Our theory (6.3) may be
regarded as a 5d gravity (dynamical, quantum and topological) related to the 5d η(PD(AZ2))
invariant.
III]: Suppose we find a way to regularize the path integral (such as on a computer or a certain lattice
model), then we can consider the theory (6.3) with boundary, where we can place the 4d SM theory.
We thus rewrite (6.1) as the fully gauged and coupled version
Z5d-TQFT.QG/
4d-QFT
=
∑
M∈{topo/geo},
AZ2∈H
1(M,Z4/Z
F
2 )
exp(
2pi i
16
·ν5d·η(PD(AZ2))|M5)·
∫
[DAZ4 ][Dψ][Dψ¯][DA][DφH ][DA ][DB] · · ·
exp(i S4d-SM/GUT[ψ, ψ¯, A, φH , . . . ,AZ4 ]
∣∣
M4
+i S
(ν4d)
4d-TQFT[A ,B, . . . ,AZ2 ]
∣∣∣
M4
)
∣∣∣∣
ν5d−ν4d=−Ngeneration
.
(6.4)
Recall we gauge AZ4 as it is the Z4,X gauge field and AZ4 mod 2 = AZ2 This is a 4d and 5d
coupled fully gauged quantum system, where 4d has SM, GUT and noninvertible TQFT, and 5d
has a certain gravity (dynamical, quantum and topological) coupled to 5d TQFT. Part of the 5d
TQFT is the gauged version of 5d iTQFT of η(PD(AZ2)), and the 1-form gauge field gauging the
0-form Z4,X symmetry can mediate between 5d and 4d.
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6.2 Braiding statistics and link invariants in 4d or 5d:
Quantum communication with the “God” from our Standard Model physics?
Follow Sec. 6.1, above a higher energy scale (way above SM and above SU(5) GUT but around SO(10)
GUT), the discrete X becomes dynamically gauged, with a dynamical gauge vector boson mediator Xg.27
So the entangled Universe in 4d and 5d may be described by (6.4).
The 4d and 5d gauged TQFT sectors are noninvertible TQFT, which is the low energy of topological
order under UV completion. In fact such a medium can be regarded as some version of topological
quantum computer [47, 48]. The 4d version of TQFT with Z4,X gauged, does not need to directly
couple to dynamical gravity. But the 5d version of TQFT with Z4,X gauged, does directly couple to
dynamical gravity.
So in an appropriate analogy, the 5d bulk topological quantum computer coupled to dynamical gravity
governed, which are in a unified math and physics framework with SM shown in (6.4). However, the 4d
TQFT and 5d TQFT (including gravity) can hierarchically develop absolutely different new “chemistry
and biology,” thus where hypothetical “God” or “foreign higher-beings,” formed by higher-dimensional
extended operators, may exist. While our bodies and living creatures from 4d SM are made by the
protons, neutrons and electrons (bound states from point particles u, d quarks and electron e), the
“foreign higher-beings” can be hypothetically formed by higher-dimensional extended operators, such as
the extended A line and B surface operators, and their other composite operators. We may simply call
such “foreign higher-beings” as “God” for an abbreviation.28
There is an immediate philosophical but now also scientific question: Do we have any way
to communicate or interact with “God” or “foreign higher-beings” living in 4d or 5d TQFTs? Could we
communicate with “God” within SM particles and forces that we human beings and creatures are made
of? Another way to phrase this question is: Can we, the beings, sense the Topological Force?
Since the extended A line and B surface operators do not end on the SM particles and gauge forces,
it seems that we cannot näively. But in fact, the answer is yes, we can communicate with “God”
within SM particles and forces. The idea is that the TQFT (5.14) contains a term∫
[DAZ4 ]
∫
[DB][DA ] exp(· · ·+ ik3d
4pi
∫
M4
AZ2 ∧ Tr(A dA +
2
3
A 3) + . . . ), (6.5)
for the nonabelian 4d TQFT such as ν = ±3,±1 for Sec. 5.3.4 and Sec. 5.3.6. The abelian TQFT such
as ν = ±2 for Sec. 5.3.5 contains, for an abelian gauge field A ,∫
[DAZ4 ]
∫
[DB][DA ] exp(· · ·+ ik3d
4pi
∫
M4
AZ2 ∧A dA + . . . ). (6.6)
We include the path integral
∫
[DAZ4 ] when we gauge AZ4 as it is the Z4,X gauge field and AZ4 mod 2 =
AZ2 . So what are the experimental designs to interact or communicate with “God”?29
27Again this is a discrete Z4,X or U(1)X gauge theory’s gauge boson Xg, different from the SU(5) GUT’s continuous
nonabelian Lie group’s gauge boson X and Y. We have been denoted Xg as AZ4 for the case of Z4,X .
28Of course, this is a scientific article. We do not have a claim to prove the existence of “foreign higher-beings” or “God.”
One way to address this question is to have an algorithm to derive and calculate the absolutely different new “chemistry
and biology” from the hidden topological world.
29In fact, previous works on braiding statistics and link invariants, such as multi-string 3-loop braiding ( [110, 120, 121]
and [115–117,122] and other exotic braiding process, provide helpful guidelines to these topological design, shown in Fig. 5
and Fig. 6.
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• The action term AZ2 ∧ A dA in (6.6) prompts us to design a configuration in Fig. 5. Suppose there
is such a Hopf link, the link of two S1 circles from the loop operators of A fields, drawn in blue and
green circles. We claim that the link configuration (if measured in the long distance thus regarded as
a small link) can carry nontrivial odd Z4,X charge. Thus we can have a codimension 1 operator ?JZ4
(for 4d, the ?JZ4 is 3d) from ∫
AZ4 ∧ ?JZ4
wrapping around the small Hopf link of A dA , such that the corresponding 0-form Z4,X -symmetry
charge is indeed odd.
(Extendable to a 5d bulk)
4d spacetime
S4 or R4
S1 S1
?JAZ2 on Σ
3
(e.g.,S3)
4d non-abelian TQFT line operators form
a Hopf link carrying a charge of
X = 5(B− L)− 4Y
AZ2 on I1
Figure 5: A nontrivial Hopf link between two line operators A (shown as the blue and green S1 loop
operators) can carry a nontrivial odd Z4,X charge (viaAZ2∧A dA ) measured by a codimension 1 operator
?JZ4 (shown on the red S3) in AZ4∧?JZ4 . The Wilson line (either dynamical gauge or background probe)
with a line integral exp(iqX
∫ AZ4) of Z4,X along the gold color dashed line, can connect and mediate
between the topological world and our Standard Model. A design to communicate and interact with the
topological world of “God.”
• The action term AZ2 ∧ Tr(A dA + 23A 3) in (6.5) prompts us to design a configuration in Fig. 5 and
Fig. 6, and their superpositions. Suppose there is such a Hopf link in Fig. 5 or a Borromean rings in
Fig. 6, the link of two or three S1 circles from the loop operators of A fields, drawn in blue, green, and
cyan circles. We claim that the link configuration (if measured in the long distance thus regarded as
a small link) can carry nontrivial odd Z4,X charge. Thus we can have a codimension 1 operator ?JZ4
(for 4d, the ?JZ4 is 3d, again from
∫ AZ4 ∧ ?JZ4) wrapping around the small Hopf link or Borromean
rings of A dA or A 3, such that the corresponding 0-form Z4,X -symmetry charge is indeed odd.30
30The similar phenomena in 3d, 4d TQFT and other dimensions are explored and summarized in [115].
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4d spacetime
S4 or R4
S1 S1
S1
?JAZ2 on Σ
3
(e.g.,S3)
4d non-abelian TQFT line operators form
Borromean rings carrying a charge of
X = 5(B− L)− 4Y
(Extendable to a 5d bulk)
AZ2 on I1
Figure 6: Similar to Fig. 5. Nontrivial Borromean rings between three line operators A (shown as
the blue, green, and cyan S1 loop operators) can carry a nontrivial odd Z4,X charge measured by a
codimension 1 operator ?JZ4 (shown on the red S3) in AZ4 ∧ ?JZ4 . The Wilson line (either dynamical
gauge or background probe) with a line integral exp(iqX
∫ AZ4) of Z4,X along the gold color dashed line,
can connect and mediate between the topological world and our Standard Model. A second design to
communicate and interact with the topological world of “God.”
To be more practical, then, these Hopf links or Borromean rings cannot be designed by us (unless
we can access the high enough energy to the anyonic excitation scales of TQFT and topological order),
but by the “God” ’s world. Suppose there are such Hopf links or Borromean rings formed in the “God” ’s
world, our next question is: How to communicate or interact with these topological links?
In fact, the odd Z4,X charges of these topological links mean that the dynamically gauged Wilson
line with a line integral exp(iqX
∫
Xg) ∝ exp(iqX
∫ AZ4) of Z4,X can mediate between these topological
links and any other matters carry the nontrivial (especially the odd) Z4,X charges.
So we only need to look for all SM and GUT particles carrying the Z4,X charges (especially the odd
Z4,X charge). We now look at Table 1 and 2, all the left-handed Weyl spinors carry Z4,X charge +1
(and the right-handed Weyl spinors carry a complex conjugate of Z4,X charge −1 = 3 mod 4). The
electroweak Higgs φH carries an even Z4,X charge +2 = −2 mod 4. So, yes, in fact, all SM Weyl spinors
carry odd Z4,X charge, thus, all SM Weyl spinors can be the other end of the Wilson line with a line
integral exp(iqX
∫ AZ4) of Z4,X . All the odd number of bound states (like proton and neutrons in our
body, also elctrons) presumably can carry the odd Z4,X . In summary, we have a schematic communication
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between SM particle ψSM and topological link via a line operator
exp(i
∑
I
∫
AI)
∣∣∣∣
links formed around p1
· exp(iqX
∫ p2
p1
AZ4) · ψSM(p2), (6.7)
where Xg is AZ4 for the discrete Z4,X . here (
∑
I
∫
AI) are several sets of line operators forming the
links as Fig. 5 and Fig. 6. So our SM world and the gapped topological sector can be mediated and
communicated by Topological Force.
6.3 Topological Force as the Fourth or Fifth force?
We had mentioned that to complete the GUT, it is natural to include a nonperturbative topological
sector of 4d TQFT, 5d iTQFT or 5d TQFT. The Topological Force derived here is not within three of
Fundamental Forces: Electromagnetism, Weak, and Strong. So we may view the Topological Force as a
new force. Should Topological Force be regarded as the Fourth force (related to gravity) or Fifth force?
Our model in Sec. 6.1 suggests that perhaps the Topological Force is a Fifth force in the model (6.1).
But the Topological Force may mix with the gravity (the Fourth force) in the model (6.4), when Z4,X
is gauged and the geometry/topology are summed but regularized. It is not clear how the gravity in
Sec. 6.1 has anything to do with Einstein gravity. It may be interesting to explore this direction in the
future.
6.4 Neutrinos and Three Generation Mystery (or Three Family Problem)
The renown old puzzle about Three Generation Mystery (or Three Family Problem) [161] on Ngeneration =
3 may be now explained when ν = 3 = Ngeneration mod 16 anomaly turns out to be extremely special for
gapped topological sector construct — a special way of gapping the missing sterile neutrinos described
in Sec. 5. We had tried to indicate the 4d TQFT has a nice 3d analogous as SO(3)3,± Chern-Simons
theory, which is indeed a very special construction to preserve ZT4 (or Pin
+ structure in math) in 3d and
Z4,X (or Spin×Z2 Z4 = Spin×ZF2 Z4,X structure in math) in 4d.
Neutrino oscillations may also be explained if we consider the Majorana zero modes of the vortices in
the 4d TQFT defects in Sec. 5. The left-handed neutrinos (observed in experiments) are nearly gapless/
massless, when traveling through the 4d TQFT defects from gapping the right-handed sterile neutrinos
(not yet observed in experiments) via Topological Mass / Energy Gap in Sec. 5.3, we may see nearly
gapless left-handed neutrino flavor oscillations interfering with the Majorana zero modes of the vortices
in the 4d TQFT defects.
Right-handed sterile neutrinos are not sterile to Z4,X gauge field: We should also point out
that although the right-handed neutrinos are sterile to SM forces, but they are not sterile to the Z4,X
gauge field AZ4 , because they carry the odd Z4,X charge. So it is possible to regard the degrees of freedom
of right-handed neutrinos encoding into the gapped 4d TQFT defects and zero modes. We can try to
detect these degrees of freedom by the mediator Topological Force by the design in Sec. 6.2.
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6.5 Dark Matter
Dark Matter: In the heavy sector of TQFTs that we described in Sec. 5, the line A is the wolrdline of
heavy particle excitations, and the surfaceB is the wolrdsheet of heavy string excitations. Those are new
objects very heavy maybe to the GUT scales. So these new heavy higher-dimensional extended objects
may be a suitable candidate account for the Dark Matter.
Dark Energy: We have very little to say about the Dark Energy. Except that in the gravity version
(sum over geometry and topology; dynamical, quantum, and topological gravity) of partition function in
(6.4), it may be worthwhile to investigate the underlying energy stored in this partition function. But
it seems that 4d and 5d topological sectors can be very heavy and store a much huge amount of energy
than what we knew of from our Standard Model world.
7 Bibliography
References
[1] Z. Wan and J. Wang, Higher Anomalies, Higher Symmetries, and Cobordisms I: Classification of
Higher-Symmetry-Protected Topological States and Their Boundary Fermionic/Bosonic Anomalies
via a Generalized Cobordism Theory, Ann. Math. Sci. Appl. 4 107–311 (2019),
[arXiv:1812.11967].
[2] Z. Wan and J. Wang, Beyond Standard Models and Grand Unifications: Anomalies, Topological
Terms, and Dynamical Constraints via Cobordisms (JHEP, in press), arXiv:1910.14668.
[3] J. C. Maxwell, A dynamical theory of the electromagnetic field, Phil. Trans. Roy. Soc. Lond. 155
459–512 (1865).
[4] H. Weyl, Elektron und Gravitation. I, Zeitschrift fur Physik 56 330–352 (1929 May).
[5] W. Pauli, Relativistic field theories of elementary particles, Rev. Mod. Phys. 13 203–232 (1941
Jul).
[6] C. N. Yang and R. L. Mills, Conservation of Isotopic Spin and Isotopic Gauge Invariance, Phys.
Rev. 96 191–195 (1954 Oct).
[7] S. L. Glashow, Partial Symmetries of Weak Interactions, Nucl. Phys. 22 579–588 (1961).
[8] A. Salam and J. C. Ward, Electromagnetic and weak interactions, Phys. Lett. 13 168–171 (1964).
[9] S. Weinberg, A Model of Leptons, Phys. Rev. Lett. 19 1264–1266 (1967).
[10] H. Georgi and S. L. Glashow, Unity of All Elementary Particle Forces, Phys. Rev. Lett. 32
438–441 (1974).
[11] H. Fritzsch and P. Minkowski, Unified Interactions of Leptons and Hadrons, Annals Phys. 93
193–266 (1975).
[12] D. S. Freed and M. J. Hopkins, Reflection positivity and invertible topological phases, ArXiv
e-prints (2016 Apr.), [arXiv:1604.06527].
55
[13] M. F. Atiyah, V. K. Patodi and I. M. Singer, Spectral asymmetry and Riemannian geometry 1,
Math. Proc. Cambridge Phil. Soc. 77 43 (1975).
[14] M. Atiyah, V. Patodi and I. Singer, Spectral asymmetry and Riemannian geometry 2, Math. Proc.
Cambridge Phil. Soc. 78 405 (1976).
[15] M. Atiyah, V. Patodi and I. Singer, Spectral asymmetry and Riemannian geometry 3, Math. Proc.
Cambridge Phil. Soc. 79 71–99 (1976).
[16] D. S. Freed, Pions and Generalized Cohomology, J. Diff. Geom. 80 45–77 (2008),
[arXiv:hep-th/0607134].
[17] D. S. Freed, Bordism: Old and new, https://web.ma.utexas.edu/users/dafr/bordism.pdf, .
[18] A. Kapustin, Symmetry Protected Topological Phases, Anomalies, and Cobordisms: Beyond Group
Cohomology, arXiv:1403.1467.
[19] J. C. Wang, Z.-C. Gu and X.-G. Wen, Field theory representation of gauge-gravity
symmetry-protected topological invariants, group cohomology and beyond, Phys. Rev. Lett. 114
031601 (2015), [arXiv:1405.7689].
[20] A. Kapustin, R. Thorngren, A. Turzillo and Z. Wang, Fermionic Symmetry Protected Topological
Phases and Cobordisms, JHEP 12 052 (2015), [arXiv:1406.7329].
[21] A. Kitaev, Homotopy-theoretic approach to SPT phases in action: Z(16) classification of
three-dimensional superconductors, in Symmetry and Topology in Quantum Matter Workshop,
Institute for Pure and Applied Mathematics, University of California, Los Angeles, California.
http://www.ipam.ucla.edu/abstract/?tid=12389, .
[22] E. Witten, Fermion Path Integrals And Topological Phases, Rev. Mod. Phys. 88 035001 (2016),
[arXiv:1508.04715].
[23] K. Yonekura, On the Cobordism Classification of Symmetry Protected Topological Phases,
Communications in Mathematical Physics 368 1121–1173 (2019 June), [arXiv:1803.10796].
[24] D. S. Freed and M. J. Hopkins, M-Theory anomaly cancellation, arXiv:1908.09916.
[25] E. Witten and K. Yonekura, Anomaly Inflow and the η-Invariant, in The Shoucheng Zhang
Memorial Workshop Stanford, CA, USA, May 2-4, 2019, 2019. arXiv:1909.08775.
[26] J. Wang and X.-G. Wen, A Non-Perturbative Definition of the Standard Models, Phys. Rev. Res.
2 023356 (2020), [arXiv:1809.11171].
[27] R. Thom, Quelques propriétés globales des variétés différentiables, Commentarii Mathematici
Helvetici 28 17–86 (1954).
[28] S. Galatius, I. Madsen, U. Tillmann and M. Weiss, The homotopy type of the cobordism category,
Acta Math. 202 195–239 (2009), [arXiv:math/0605249].
[29] J. F. Adams, On the structure and applications of the Steenrod algebra, Comment. Math. Helv. 32
180–214 (1958).
[30] I. Garcia-Etxebarria and M. Montero, Dai-Freed anomalies in particle physics, JHEP 08 003
(2019), [arXiv:1808.00009].
56
[31] J. Davighi, B. Gripaios and N. Lohitsiri, Global anomalies in the Standard Model(s) and Beyond,
arXiv e-prints arXiv:1910.11277 (2019 Oct), [arXiv:1910.11277].
[32] M. F. Atiyah and F. Hirzebruch, Vector bundles and homogeneous spaces, in Differential geometry
(C. B. Allendoerfer, ed.), no. 3 in Proceedings of Symposia in Pure Mathematics, pp. 7–38.
American Mathematical Society, Providence, RI, 1961.
[33] X.-z. Dai and D. S. Freed, eta invariants and determinant lines, J. Math. Phys. 35 5155–5194
(1994), [arXiv:hep-th/9405012].
[34] Z. Wan, J. Wang and Y. Zheng, Higher Anomalies, Higher Symmetries, and Cobordisms II:
Applications to Quantum Gauge Theories, arXiv:1912.13504.
[35] Z. Wan and J. Wang, Higher Anomalies, Higher Symmetries, and Cobordisms III: QCD Matter
Phases Anew, Nucl. Phys. B (2020 10.1016/j.nuclphysb.2020.115016), [arXiv:1912.13514].
[36] Z. Wan and J. Wang, Higher Anomalies, Higher Symmetries, and Cobordisms IV: Standard
Models, Grand Unifications and Beyond (in preparation), to appear (2019).
[37] S. Weinberg, The quantum theory of fields. Vol. 2: Modern applications. Cambridge University
Press, 2013.
[38] M. E. Peskin and D. V. Schroeder, An Introduction to quantum field theory. Addison-Wesley,
Reading, USA, 1995.
[39] A. Zee, Quantum field theory in a nutshell. 2003.
[40] M. Srednicki, Quantum field theory. , 1.
[41] G. ’t Hooft, Naturalness, chiral symmetry, and spontaneous chiral symmetry breaking, NATO Sci.
Ser. B 59 135–157 (1980).
[42] F. Wilczek and A. Zee, Operator Analysis of Nucleon Decay, Phys. Rev. Lett. 43 1571–1573
(1979).
[43] E. H. Lieb, T. Schultz and D. Mattis, Two soluble models of an antiferromagnetic chain, Annals
Phys. 16 407–466 (1961).
[44] M. B. Hastings, Lieb-Schultz-Mattis in higher dimensions, Phys. Rev. B69 104431 (2004),
[arXiv:cond-mat/0305505].
[45] X.-G. Wen, Zoo of quantum-topological phases of matter, Rev. Mod. Phys. 89 041004 (2017),
[arXiv:1610.03911].
[46] F. Wilczek, ed., Fractional statistics and anyon superconductivity. 1990.
[47] A. Y. Kitaev, Fault-tolerant quantum computation by anyons, Annals of Physics 303 2–30 (2003
Jan.), [arXiv:quant-ph/9707021].
[48] A. Kitaev, Anyons in an exactly solved model and beyond, Annals of Physics 321 2–111 (2006
Jan.), [arXiv:cond-mat/0506438].
[49] C. Wang and T. Senthil, Interacting fermionic topological insulators/superconductors in three
dimensions, Phys. Rev. B 89 195124 (2014 May), [arXiv:1401.1142].
57
[50] Z. Wan and J. Wang, Adjoint QCD4, Deconfined Critical Phenomena, Symmetry-Enriched
Topological Quantum Field Theory, and Higher Symmetry-Extension, Phys. Rev. D99 065013
(2019), [arXiv:1812.11955].
[51] C. Cordova and K. Ohmori, Anomaly Obstructions to Symmetry Preserving Gapped Phases,
arXiv:1910.04962.
[52] J. Wang, X.-G. Wen and E. Witten, Symmetric Gapped Interfaces of SPT and SET States:
Systematic Constructions, Phys. Rev. X8 031048 (2018), [arXiv:1705.06728].
[53] A. Vishwanath and T. Senthil, Physics of three dimensional bosonic topological insulators: Surface
Deconfined Criticality and Quantized Magnetoelectric Effect, Phys. Rev. X 3 011016 (2013),
[arXiv:1209.3058].
[54] T. Senthil, Symmetry-Protected Topological Phases of Quantum Matter, Annual Review of
Condensed Matter Physics 6 299–324 (2015 Mar.), [arXiv:1405.4015].
[55] L. Fidkowski, X. Chen and A. Vishwanath, Non-Abelian Topological Order on the Surface of a 3D
Topological Superconductor from an Exactly Solved Model, Phys. Rev. X 3 041016 (2013),
[arXiv:1305.5851].
[56] M. A. Metlitski, L. Fidkowski, X. Chen and A. Vishwanath, Interaction effects on 3D topological
superconductors: surface topological order from vortex condensation, the 16 fold way and
fermionic Kramers doublets, arXiv:1406.3032.
[57] J. Milnor and J. Stasheff, Characteristic Classes, by Milnor and Stasheff. Annals of Mathematics
Studies, No. 76. Princeton University Press, 1974.
[58] C. Arf, Untersuchungen über quadratische Formen in Körpern der Charakteristik 2, I, J. Reine
Angew. Math., 183 148–167 (1941).
[59] E. H. Brown, Generalizations of the kervaire invariant, Annals of Mathematics 368–383 (1972).
[60] R. C. Kirby and L. R. Taylor, A calculation of Pin+ bordism groups, Comment. Math. Helv. 65
434–447 (1990).
[61] D. Tong, Line Operators in the Standard Model, JHEP 07 104 (2017), [arXiv:1705.01853].
[62] M. Guo, P. Putrov and J. Wang, Time reversal, SU(N) Yang-Mills and cobordisms: Interacting
topological superconductors/insulators and quantum spin liquids in 3 + 1 D, Annals of Physics
394 244–293 (2018 Jul), [arXiv:1711.11587].
[63] L. E. Ibanez and G. G. Ross, Discrete gauge symmetry anomalies, Phys. Lett. B 260 291–295
(1991).
[64] T. Banks and M. Dine, Note on discrete gauge anomalies, Phys. Rev. D 45 1424–1427 (1992),
[arXiv:hep-th/9109045].
[65] C. Csaki and H. Murayama, Discrete anomaly matching, Nucl. Phys. B 515 114–162 (1998),
[arXiv:hep-th/9710105].
[66] H. K. Dreiner, C. Luhn and M. Thormeier, What is the discrete gauge symmetry of the MSSM?,
Phys. Rev. D 73 075007 (2006), [arXiv:hep-ph/0512163].
[67] C.-T. Hsieh, Discrete gauge anomalies revisited, arXiv:1808.02881.
58
[68] M. Guo, K. Ohmori, P. Putrov, Z. Wan and J. Wang, Fermionic Finite-Group Gauge Theories
and Interacting Symmetric/Crystalline Orders via Cobordisms, Commun. Math. Phys. 376 1073
(2020), [arXiv:1812.11959].
[69] S. L. Adler, Axial vector vertex in spinor electrodynamics, Phys. Rev. 177 2426–2438 (1969).
[70] J. S. Bell and R. Jackiw, A PCAC puzzle: pi0 → γγ in the σ model, Nuovo Cim. A60 47–61
(1969).
[71] D. Gaiotto, A. Kapustin, N. Seiberg and B. Willett, Generalized Global Symmetries, JHEP 02
172 (2015), [arXiv:1412.5148].
[72] X. Chen, Z.-C. Gu, Z.-X. Liu and X.-G. Wen, Symmetry protected topological orders and the group
cohomology of their symmetry group, Phys. Rev. B87 155114 (2013), [arXiv:1106.4772].
[73] X.-G. Wen, Classifying gauge anomalies through symmetry-protected trivial orders and classifying
gravitational anomalies through topological orders, Phys. Rev. D88 045013 (2013),
[arXiv:1303.1803].
[74] X.-G. Wen, A lattice non-perturbative definition of an SO(10) chiral gauge theory and its induced
standard model, Chin. Phys. Lett. 30 111101 (2013), [arXiv:1305.1045].
[75] M. Z. Hasan and C. L. Kane, Colloquium: Topological insulators, Reviews of Modern Physics 82
3045–3067 (2010 Oct.), [arXiv:1002.3895].
[76] X.-L. Qi and S.-C. Zhang, Topological insulators and superconductors, Reviews of Modern Physics
83 1057–1110 (2011 Oct.), [arXiv:1008.2026].
[77] A. Schnyder, S. Ryu, A. Furusaki and A. W. W. Ludwig, Classification of topological insulators
and superconductors in three spatial dimensions, Phys. Rev. B 78 195125 (2008).
[78] A. Y. Kitaev, Periodic table for topological insulators and superconductors, AIP Conf. Proc. 1134
22 (2009).
[79] X.-G. Wen, Symmetry-protected topological phases in noninteracting fermion systems, Phys. Rev.
B 85 085103 (2012 Feb.), [arXiv:1111.6341].
[80] C. G. Callan, Jr. and J. A. Harvey, Anomalies and Fermion Zero Modes on Strings and Domain
Walls, Nucl. Phys. B250 427–436 (1985).
[81] L. Alvarez-Gaume and E. Witten, Gravitational Anomalies, Nucl. Phys. B234 269 (1984).
[82] E. Witten, An SU(2) Anomaly, Phys. Lett. 117B 324–328 (1982).
[83] J. Wang, X.-G. Wen and E. Witten, A New SU(2) Anomaly, J. Math. Phys. 60 052301 (2019),
[arXiv:1810.00844].
[84] D. Gaiotto, A. Kapustin, Z. Komargodski and N. Seiberg, Theta, Time Reversal, and
Temperature, JHEP 05 091 (2017), [arXiv:1703.00501].
[85] Z. Wan, J. Wang and Y. Zheng, New Higher Anomalies, SU(N) Yang-Mills Gauge Theory and
CPN−1 Sigma Model, arXiv:1812.11968.
[86] Z. Wan, J. Wang and Y. Zheng, Quantum 4d Yang-Mills Theory and Time-Reversal Symmetric
5d Higher-Gauge Topological Field Theory, Phys. Rev. D100 085012 (2019), [arXiv:1904.00994].
59
[87] E. Witten, Global Gravitational Anomalies, Commun. Math. Phys. 100 197 (1985).
[88] A. Kapustin and R. Thorngren, Anomalies of discrete symmetries in three dimensions and group
cohomology, Phys. Rev. Lett. 112 231602 (2014), [arXiv:1403.0617].
[89] J. Wang, L. H. Santos and X.-G. Wen, Bosonic Anomalies, Induced Fractional Quantum Numbers
and Degenerate Zero Modes: the anomalous edge physics of Symmetry-Protected Topological
States, Phys. Rev. B 91 195134 (2015), [arXiv:1403.5256].
[90] A. Kapustin and R. Thorngren, Anomalies of discrete symmetries in various dimensions and
group cohomology, arXiv:1404.3230.
[91] J. C.-F. Wang, Aspects of Symmetry, Topology and Anomalies in Quantum Matter. PhD thesis,
MIT, 2015. arXiv:1602.05569.
[92] R. Dijkgraaf and E. Witten, Topological Gauge Theories and Group Cohomology,
Commun.Math.Phys. 129 393 (1990).
[93] N. Saveliev, Lectures on the topology of 3-manifolds. De Gruyter Textbook. Walter de Gruyter
and Co., Berlin, revised ed., 2012.
[94] A. Y. Kitaev, Unpaired Majorana fermions in quantum wires, Phys. Usp. 44 131–136 (2001),
[arXiv:cond-mat/0010440].
[95] J. Davighi and N. Lohitsiri, Anomaly interplay in U(2) gauge theories, JHEP 05 098 (2020),
[arXiv:2001.07731].
[96] (in preparation), to appear .
[97] P. B. Gilkey, The eta invariant for even dimensional pinc manifolds, Advances in Mathematics 58
243–284 (1985).
[98] G. Volovik, The Universe in a helium droplet, vol. 117. 2006.
[99] M. A. Metlitski, S-duality of u(1) gauge theory with θ = pi on non-orientable manifolds:
Applications to topological insulators and superconductors, arXiv:1510.05663.
[100] Y. Tachikawa and K. Yonekura, Why are fractional charges of orientifolds compatible with Dirac
quantization?, arXiv e-prints arXiv:1805.02772 (2018 May), [arXiv:1805.02772].
[101] K. Walker and Z. Wang, (3+1)-TQFTs and Topological Insulators, arXiv:1104.2632.
[102] E. Witten, Quantum Field Theory and the Jones Polynomial, Commun. Math. Phys. 121 351–399
(1989).
[103] C. Wang and M. Levin, Anomaly indicators for time-reversal symmetric topological orders, Phys.
Rev. Lett. 119 136801 (2017), [arXiv:1610.04624].
[104] Y. Tachikawa, On gauging finite subgroups, SciPost Phys. 8 015 (2020), [arXiv:1712.09542].
[105] L. Crane and D. N. Yetter, Examples of categorification, Cahiers de Topologie et Géométrie
Différentielle Catégoriques 39 3–25 (1998), [arXiv:q-alg/9607028].
[106] J. C. Baez and J. Dolan, Categorification, Higher Category Theory 1–36 (1998),
[arXiv:math/9802029].
60
[107] M. Khovanov, A categorification of the jones polynomial, Duke Mathematical Journal 101
359?426 (2000 Feb), [arXiv:math/9908171].
[108] M. Khovanov and L. Rozansky, Matrix factorizations and link homology, 2004.
[109] M. Khovanov and L. Rozansky, Matrix factorizations and link homology ii, Geometry and
Topology 12 1387?1425 (2008 Jun), [arXiv:math/0505056].
[110] J. C. Wang and X.-G. Wen, Non-Abelian string and particle braiding in topological order: Modular
SL (3 ,Z ) representation and (3 +1 ) -dimensional twisted gauge theory, Phys. Rev. B 91 035134
(2015 Jan.), [arXiv:1404.7854].
[111] J. Wang, K. Ohmori, P. Putrov, Y. Zheng, Z. Wan, M. Guo, H. Lin, P. Gao and S.-T. Yau,
Tunneling Topological Vacua via Extended Operators: (Spin-)TQFT Spectra and Boundary
Deconfinement in Various Dimensions, PTEP 2018 053A01 (2018), [arXiv:1801.05416].
[112] S. Gukov, D. Pei, P. Putrov and C. Vafa, BPS spectra and 3-manifold invariants, J. Knot Theor.
Ramifications 29 2040003 (2020), [arXiv:1701.06567].
[113] M. Dedushenko, S. Gukov and P. Putrov, Vertex algebras and 4-manifold invariants, in Nigel
Hitchin’s 70th Birthday Conference, vol. 1, , 5. arXiv:1705.01645. DOI.
[114] G. T. Horowitz, Exactly Soluble Diffeomorphism Invariant Theories, Commun. Math. Phys. 125
417 (1989).
[115] P. Putrov, J. Wang and S.-T. Yau, Braiding Statistics and Link Invariants of Bosonic/Fermionic
Topological Quantum Matter in 2+1 and 3+1 dimensions, Annals Phys. 384 254–287 (2017),
[arXiv:1612.09298].
[116] J. Wang, X.-G. Wen and S.-T. Yau, Quantum Statistics and Spacetime Surgery, Phys. Lett. B
807 135516 (2020), [arXiv:1602.05951].
[117] J. Wang, X.-G. Wen and S.-T. Yau, Quantum Statistics and Spacetime Topology: Quantum
Surgery Formulas, Annals Phys. 409 167904 (2019), [arXiv:1901.11537].
[118] P. Ye and Z.-C. Gu, Topological quantum field theory of three-dimensional bosonic
Abelian-symmetry-protected topological phases, Phys. Rev. B93 205157 (2016),
[arXiv:1508.05689].
[119] S. Carter, J. Carter, S. Kamada and M. Saito, Surfaces in 4-Space. Encyclopaedia of
Mathematical Sciences. Springer, 2004.
[120] C. Wang and M. Levin, Braiding statistics of loop excitations in three dimensions, Phys. Rev.
Lett. 113 080403 (2014), [arXiv:1403.7437].
[121] S. Jiang, A. Mesaros and Y. Ran, Generalized Modular Transformations in (3+1)D Topologically
Ordered Phases and Triple Linking Invariant of Loop Braiding, Phys. Rev. X4 031048 (2014),
[arXiv:1404.1062].
[122] C. Wang and M. Levin, Topological invariants for gauge theories and symmetry-protected
topological phases, Phys. Rev. B 91 165119 (2015 Apr.), [arXiv:1412.1781].
[123] S. Sachdev, Quantum Phase Transitions. Cambridge University Press, 2 ed., 2011,
10.1017/CBO9780511973765.
61
[124] X. G. Wen, Quantum field theory of many-body systems: From the origin of sound to an origin of
light and electrons. 2004.
[125] K. Hori, S. Katz, A. Klemm, R. Pandharipande, R. Thomas, C. Vafa, R. Vakil and E. Zaslow,
Mirror symmetry, vol. 1 of Clay mathematics monographs. AMS, Providence, USA, 2003.
[126] Particle Data Group collaboration, M. Tanabashi et al., Review of Particle Physics, Phys.
Rev. D98 030001 (2018).
[127] P. A. Dirac, The quantum theory of the electron, Proc. Roy. Soc. Lond. A A117 610–624 (1928).
[128] P. A. Dirac, The quantum theory of the electron. 2., Proc. Roy. Soc. Lond. A A118 351 (1928).
[129] E. Majorana, Teoria simmetrica dell’elettrone e del positrone, Nuovo Cim. 14 171–184 (1937).
[130] P. Minkowski, µ→ eγ at a Rate of One Out of 109 Muon Decays?, Phys. Lett. B 67 421–428
(1977).
[131] L. Fidkowski and A. Kitaev, Topological phases of fermions in one dimension, Phys. Rev. B 83
075103 (2011).
[132] L. Fidkowski and A. Kitaev, Effects of interactions on the topological classification of free fermion
systems, Phys. Rev. B 81 134509 (2010).
[133] Y. BenTov and A. Zee, Origin of families and SO(18) grand unification, Phys. Rev. D93 065036
(2016), [arXiv:1505.04312].
[134] D. Tong and C. Turner, Notes on 8 Majorana Fermions, arXiv:1906.07199.
[135] J. Wang and X.-G. Wen, Non-Perturbative Regularization of 1+1D Anomaly-Free Chiral
Fermions and Bosons: On the equivalence of anomaly matching conditions and boundary gapping
rules, arXiv:1307.7480.
[136] Y. You, Y. BenTov and C. Xu, Interacting Topological Superconductors and possible Origin of 16n
Chiral Fermions in the Standard Model, arXiv:1402.4151.
[137] Y.-Z. You and C. Xu, Interacting topological insulator and emergent grand unified theory, Phys.
Rev. B 91 125147 (2015 Mar.), [arXiv:1412.4784].
[138] Y. BenTov, Fermion masses without symmetry breaking in two spacetime dimensions, JHEP 07
034 (2015), [arXiv:1412.0154].
[139] N. Seiberg, “Thoughts About Quantum Field Theory”, (Talk at Strings 2019) (2019).
[140] A. Prakash, J. Wang and T.-C. Wei, Unwinding Short-Range Entanglement, Phys. Rev. B98
125108 (2018), [arXiv:1804.11236].
[141] R. Kobayashi, K. Ohmori and Y. Tachikawa, On gapped boundaries for SPT phases beyond group
cohomology, JHEP 11 131 (2019), [arXiv:1905.05391].
[142] N. Seiberg, Electric - magnetic duality in supersymmetric nonAbelian gauge theories, Nucl. Phys.
B 435 129–146 (1995), [arXiv:hep-th/9411149].
[143] M. E. Peskin, Mandelstam ’t Hooft Duality in Abelian Lattice Models, Annals Phys. 113 122
(1978).
62
[144] C. Dasgupta and B. Halperin, Phase Transition in a Lattice Model of Superconductivity, Phys.
Rev. Lett. 47 1556–1560 (1981).
[145] N. Seiberg and E. Witten, Electric-magnetic duality, monopole condensation, and confinement in
N=2 supersymmetric Yang-Mills theory, Nucl. Phys. B426 19–52 (1994),
[arXiv:hep-th/9407087].
[146] K. A. Intriligator and N. Seiberg, Lectures on supersymmetric gauge theories and
electric-magnetic duality, Nucl. Phys. Proc. Suppl. 45BC 1–28 (1996), [arXiv:hep-th/9509066].
[147] M. M. Anber and E. Poppitz, Two-flavor adjoint QCD, Phys. Rev. D 98 034026 (2018),
[arXiv:1805.12290].
[148] C. Cordova and T. T. Dumitrescu, Candidate Phases for SU(2) Adjoint QCD4 with Two Flavors
from N = 2 Supersymmetric Yang-Mills Theory, arXiv:1806.09592.
[149] Z. Bi and T. Senthil, Adventure in Topological Phase Transitions in 3+1 -D: Non-Abelian
Deconfined Quantum Criticalities and a Possible Duality, Phys. Rev. X 9 021034 (2019),
[arXiv:1808.07465].
[150] D. T. Son, Is the Composite Fermion a Dirac Particle?, Phys. Rev. X 5 031027 (2015),
[arXiv:1502.03446].
[151] C. Wang and T. Senthil, Dual Dirac Liquid on the Surface of the Electron Topological Insulator,
Phys. Rev. X 5 041031 (2015), [arXiv:1505.05141].
[152] M. A. Metlitski and A. Vishwanath, Particle-vortex duality of two-dimensional Dirac fermion
from electric-magnetic duality of three-dimensional topological insulators, Phys. Rev. B 93 245151
(2016), [arXiv:1505.05142].
[153] N. Seiberg, T. Senthil, C. Wang and E. Witten, A Duality Web in 2+1 Dimensions and
Condensed Matter Physics, Annals Phys. 374 395–433 (2016), [arXiv:1606.01989].
[154] A. Karch and D. Tong, Particle-Vortex Duality from 3d Bosonization, Phys. Rev. X 6 031043
(2016), [arXiv:1606.01893].
[155] J. Murugan and H. Nastase, Particle-vortex duality in topological insulators and superconductors,
JHEP 05 159 (2017), [arXiv:1606.01912].
[156] C. W. Misner and J. A. Wheeler, Classical physics as geometry: Gravitation, electromagnetism,
unquantized charge, and mass as properties of curved empty space, Annals Phys. 2 525–603 (1957).
[157] J. Polchinski, Monopoles, duality, and string theory, Int. J. Mod. Phys. A19S1 145–156 (2004),
[arXiv:hep-th/0304042].
[158] T. Banks and N. Seiberg, Symmetries and Strings in Field Theory and Gravity, Phys. Rev. D83
084019 (2011), [arXiv:1011.5120].
[159] D. Harlow and H. Ooguri, Symmetries in quantum field theory and quantum gravity,
arXiv:1810.05338.
[160] R. Dijkgraaf and E. Witten, Developments in Topological Gravity, Int. J. Mod. Phys. A 33
1830029 (2018), [arXiv:1804.03275].
[161] F. Wilczek and A. Zee, Families from Spinors, Phys. Rev. D25 553 (1982).
63
[162] J. Wang, New Anomalies, Topological Boundary Conditions, and Non-Perturbative
Beyond-Standard Models: http://www-hep.colorado.edu/∼eneil/lbsm19/. , (Talk at Workshop on
Lattice for Beyond the Standard Model (BSM) physics on May 2-3, 2019 at Syracuse University)
(2019).
8 Acknowledgements
JW is grateful to his previous collaborators for fruitful past researches as helpful precursors for the
present work. JW appreciates Email correspondences with Pavel Putrov, Zheyan Wan, and Yunqin
Zheng; and the mental support from Shing-Tung Yau.31 JW thanks the participants of Quantum Matter
in Mathematics and Physics program at Harvard University CMSA for the enlightening atmosphere. Part
of this work is presented by JW in the workshop Lattice for Beyond the Standard Model physics 2019,
on May 2-3, 2019 at Syracuse University [162]. JW was supported by NSF Grant PHY-1606531. This
work is also supported by NSF Grant DMS-1607871 “Analysis, Geometry and Mathematical Physics”
and Center for Mathematical Sciences and Applications at Harvard University.
31Based on the the author’s conversations (i.e., my conversations) with eminent theoretical physicists on the related
subjects of author’s present work and other related ideas, there are several conservative opinions. In 2016, Alexei
Kitaev commented: “The idea may be correct mathematically. But our universe and physical nature would not do this.”
Xiao-Gang Wen commented in 2018: “There may be no particle physics phenomenological consequences on this pursuit,
thus experimentally not falsifiable nor verifiable. So your pursuit may not be productive. Our Universe may be just messy,
not beautiful, like a junk.” Edward Witten originally thought the idea may be not feasible nor attractive (with sarcasm),
especially about a non-perturbative lattice regularization, at least by the end of 2018; but he gradually became more
supportive about my idea in the 2019 summer. In 2019 fall, Dan Freed was surprised when I said “the known Standard
Model may have anomalies so we can use it to detect the hidden sector” — by that of course I meant the ’t Hooft anomaly,
but not the dynamical gauge anomalies. But Dan Freed was still not convinced how the “the known Standard Model may
have (’t Hooft) anomalies.” When I told David Huse and Bert Halperin these quantum condensed matter ideas should
have a big impact revolutionizing physics beyond Standard Model, they became rather conservative. Erich Poppitz once
commented that “It will be much nicer if your idea can really apply or happen in our universe... rather than a toy model...”
I replied confidently and seriously, “It is. Of course. It indeed happened and is still happening in our universe, beyond
Standard Model!”
Although many comments from these renowned physicists may sound discouraging (if not simply negative), the author
had been believing in that the present new model with topological sector is indeed the correct path beyond Standard Model
— we should look for high-energy physics phenomenological consequences — our universe indeed does this and speaks this
language physically and naturally.
Instead of writing or drawing an image of the author’s mental feelings, a piece of Johannes Brahms’s music “The Variations
and Fugue on a Theme by Handel, Op. 24 (1861)” may illuminate this well. In particular, listen to the Variation 11 and
Variation 12 sing. Listen:
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